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The f i n i t e  e l e m e n t  method i s  appl ied  to  t h e  a n a l y s i s  o f  skew sand­
w i c h  p l a t e s  w i t h  h o m o g en eo u s  f a c e s  a n d  o r t h o t r o ' p i c  c o r e s .  U s i n g  t h e  
p r i n c i p l e  o f  minimum t o t a l  p o t e n t i a l  e n e r g y ,  t h e  g e o m e t r i c  a d m i s s i b i l i t y  
c o n d i t i o n s  a r e  s a t i s f i e d  b e t w e e n  t h e  e l e m e n t s  by r e p r e s e n t i n g  t h e  d i s ­
p l a c e m e n t  f u n c t i o n  i n  two w a y s :  f i r s t  a s  t h e  sum o f  p r o d u c t s  o f  z e r o
o r d e r  ( B i l i n e a r )  L a g r a n g e  i n t e r p o l a t i o n  f u n c t i o n s  t o  r e p r e s e n t  t h e  
membrane d i s p l a c e m e n t s  a n d  t h e  sum o f  p r o d u c t s  o f  one  d i m e n s i o n a l  f i r s t  
o r d e r  H e r m i t e  i n t e r p o l a t i o n  po lynom ia ls  t o  r e p r e s e n t  t h e  t r a n s v e r s e  
d i s p l a c e m e n t ;  i n  t h e  s e c o n d  a p p r o a c h  b o t h  t h e  membrane a n d  t r a n s v e r s e  
d i s p l a c e m e n t s  a r e  r e p r e s e n t e d  by o n e  d i m e n s i o n a l  f i r s t  o r d e r  ( B i c u b i c )  
H e r m i t e  i n t e r p o l a t i o n  p o l y n o m i a l s .
The s t r a i n  e n e r g y  f o r m u l a t i o n s  f o r  m e m b r a n e ,  b e n d i n g  a n d  c o u p ­
l i n g  a r e  p r e s e n t e d  i n  t e r m s  o f  t h e  e l e m e n t  g e o m e t r y ,  t h e  t h i c k n e s s e s  a n d  
s t i f f n e s s e s  o f  t h e  f a c e s  a n d  t r a n s v e r s e  s h e a r  m o d u l i i  o f  t h e  o r t h o t r o p i c  
c o r e .  Th e s t i f f n e s s  m a t r i c e s  (M embran e,  b e n d i n g  a n d  c o u p l i n g )  a n d  h e n c e  
t h e  t o t a l  s t i f f n e s s  m a t r i x  f o r  a skew s a n d w i c h  p l a t e  e l e m e n t  w i t h  o r t h o ­
t r o p i c  c o r e  a r e  d e r i v e d  by d i r e c t  a p p l i c a t i o n  o f  t h e  t h e o r e m  o f  minimum 
t o t a l  p o t e n t i a l  e n e r g y .
i i i
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CHAPTER I  
INTRODUCTION
S a n d w i c h  c o n s t r u c t i o n  was  i n t r o d u c e d  t o  t h e  a e r o s p a c e  i n d u s t r y  
d u r i n g  t h e  s e c o n d  w o r l d  war  a n d  s i n c e  t h i s  d a t e  i t s  u s e  i n  a i r c r a f t  a n d  
m i s s i l e  a p p l i c a t i o n s  h a s  become w i d e r  a n d  w i d e r  e v e r y  d a y .  S a n d w i c h  
c o n s t r u c t i o n  h a s  a l s o  some c i v i l i a n  a p p l i c a t i o n s  w h i c h  a r e  b e i n g  g i v e n  
a  g r e a t  d e a l  o f  a t t e n t i o n  r e c e n t l y  s u c h  a s :  b u i l d i n g  w a l l s ,  f l o o r i n g
f o r  h o u s e s ,  r o o f s  f o r  some i m p o r t a n t  s t r u c t u r e s  i n  t h e  fo r m  o f  f o l d e d  
p l a t e s  o r  s h e l l  r o o f s  f o r  f a c t o r i e s .  M o r e o v e r  i n  Germany a  s e l f - s u p p o r t i n g  
a u t o m o b i l e  was  made f r o m  s a n d w i c h  m a t e r i a l ;  i t s  c o n s t r u c t i o n  c o n s i s t s  o f  
g l a s s f i b e r  -  r e i n f o r c e d  p l a s t i c  f a c i n g s  b o n d ed  t o  a  p o l y u r e t h a n e  foam c o r e .  
Skew s a n d w i c h  p l a t e  c o n s t r u c t i o n  h a s  a l s o  some a p p l i c a t i o n s  a s  a s t r u c t ­
u r a l  member i n  skew b r i d g e s .  T h i s  w i d e  v a r i e t y  o f  a p p l i c a t i o n s  i s  
m a i n l y  due t o  i t s  s p e c i a l  c o n s t r u c t i o n  w h i c h  c o n s i s t s  o f  two t h i n  s t r o n g  
f a c i n g s  e n c l o s i n g  a n d  b o n d e d  t o  a  r e l a t i v e l y  t h i c k  low -  s t r e n g t h  a n d  
l i g h t w e i g h t  c o r e .  I n  a  s a n d w i c h  m em b er ,  t h e  c o r e  i s  u s e d  t o  g e t  t h e  
h i g h  s t r e n g t h  f a c i n g s  a s  f a r  a s  p o s s i b l e  f r o m  t h e  n e u t r a l  a x i s  so  a s  t o  
a s s u r e  h i g h  b e n d i n g  s t i f f n e s s ;  a l s o  i t  t r a n s m i t s  s h e a r  b e t w e e n  th em  
a l l o w i n g  t h e  two f a c e s  t o  a c t  a s  a  u n i t  .
The m a i n  a d v a n t a g e s  o f  s a n d w i c h  c o n s t r u c t i o n  a r e :  i t s  h i g h
s t r e n g t h  a n d  s t i f f n e s s  r e l a t i v e  t o  i t s  w e i g h t  w h i c h  m ak es  i t  s u i t a b l e  f o r  
a i r c r a f t  a p p l i c a t i o n s  a n d  b u i l d i n g  i n d u s t r y ;  i t  h a s  go od  i n s u l a t i n g  
p r o p e r t i e s ,  e a s y  e r e c t i o n ,  l e s s  c o n s t r u c t i o n  t i m e  a n d  l o n g l i f e  w i t h  
low m a i n t e n a n c e .  Mak ing u s e  o f  t h e s e  a d v a n t a g e s  t h e  Aluminum Company o f  
C an ad a s t a r t e d  t o  c o n s t r u c t  c o m p l e t e  h o u s e s  f r o m  s a n d w i c h  p a n e l s  a n d  i t
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2i s  f o u n d  t h a t  t h e  c o s t  i s  a b o u t  o n e - h a l f  t h e  p r i c e  o f  t h e  u s u a l  m a s o n a r y  
b u i l d i n g s .  B e c a u s e  o f  t h e  r e l a t i v e l y  s m a l l  w e i g h t ,  t h e  h o u s e s  c a n  e a s i l y  
be  t r a n s p o r t e d  t o  t h e  b u i l d i n g  s i t e .  I n  o r d e r  t o  o b t a i n  l i g h t w e i g h t  
s a n d w i c h  c o n s t r u c t i o n ,  a low -  d e n s i t y  m a t e r i a l  m u s t  be  u s e d  f o r  t h e  
c o r e .  Most o f  t h e  c o r e  m a t e r i a l s  a r e  o r t h o t r o p i c  i n  t h e  f o r m  o f  p a p e r  
o r  a lu m in u m  h o n e y c o m b ,  s t y r a f o a m ,  p o l y v i n y l e  c h l o r i d e  f o a m ,  b a l s a  wood 
o r  p l a s t i c s .  The f a c i n g  m a t e r i a l  m u s t  h a v e  a  r e l a t i v e l y  h i g h  -  s t r e n g t h  
i n  o r d e r  t o  a c h i e v e  b e t t e r  e f f i c i e n c y .  Aluminum a l l o y ,  h e a t  r e s i s t e d  
s t e e l ,  r e i n f o r c e d  p l a s t i c s ,  o r  a n y  o t h e r  s u i t a b l e  m a t e r i a l  c a n  be u s e d  
f o r  f a c i n g s  a c c o r d i n g  t o  t h e  t y p e  o f  a p p l i c a t i o n .
I n  t h e  f i e l d  o f  l i g h t w e i g h t  s t r u c t u r e s  s u c h  a s  s a n d w i c h  
p l a t e  s y s t e m s ,  t h e  f i n i t e  e l e m e n t  t e c h n i q u e  a s  a t o o l  f o r  p r e d i c t i n g  t h e  
b e h a v i o r  o f  s u c h  s y s t e m s  h a s  b e e n  g i v e n  a l a r g e  a m o u n t  o f  a t t e n t i o n  d u r ­
i n g  t h e  p a s t  few y e a r s .  The f i n i t e  e l e m e n t  m e t h o d  h a s  t h e  d i s t i n c t  
a d v a n t a g e  o f  s o l v i n g  p r a c t i c a l  s t r u c t u r e s  w i t h  i r r e g u l a r  c o n f i g u r a t i o n s  
a n d  c o m p l i c a t e d  b o u n d a r y  c o n d i t i o n s .  T h i s  t e c h n i q u e  i n v o l v e s  r e p r e s e n t i n g  
t h e  r e a l  s t r u c t u r e  a s  a n  a s s e m b l a g e  o f  a num ber  o f  i n t e r c o n n e c t e d  f i n i t e  
e l e m e n t s  f o r  w h i c h  t h e  d e f o r m a t i o n  s t a t e  o f  e a c h  e l e m e n t  i s  r e l a t i v e l y  
s i m p l e  a s  c o m p a r e d  t o  t h e  d e f o r m a t i o n  s t a t e  o f  t h e  s t r u c t u r e  a s  a w h o l e .  
Th e p r o b l e m  i s  t h e n  r e d u c e d  t o  t h e  d e t e r m i n a t i o n  o f  d e f o r m a t i o n s  o f  
t h e  i n d i v i d u a l  e l e m e n t s . . The a c c u r a c y  o f  t h e  f i n i t e  e l e m e n t  m e t h o d  i s  
d i r e c t l y  d e p e n d e n t  on t h e  a b i l i t y  o f  t h e  a s s u m e d  d i s p l a c e m e n t  p a t t e r n s  
o f  t h e  e l e m e n t s  t o  r e p r e s e n t  t h e  r e a l  b e h a v i o r  o f  t h e  s t r u c t u r a l  s y s t e m .
I t  s h o u l d  be  e m p h a s i z e d  t h a t  i n  s e l e c t i n g  t h e  a s s u m e d  d i s p l a c e m e n t  f u n c ­
t i o n s ,  g e o m e t r i c  a d m i s s i b i l i t y  c o n d i t i o n s ,  r i g i d  body  d i s p l a c e m e n t  s t a t e s
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
a n d  ' c o m p l e t e n e s s T m u s t  be  t a k e n  i n t o  c o n s i d e r a t i o n .  Th e f i n i t e  e l e m e n t  
a n a l y s i s  may i n v o l v e  l a r g e  a m o u n t s  o f  n u m e r i c a l  c a l c u l a t i o n s ;  h o w e v e r ,  
t h e s e  m e t h o d s  c a n  be  e a s i l y  f o r m u l a t e d  i n  a m a t r i x  f o r m  a n d  h e n c e  t h e  
p r o b l e m  c a n  be c o n v e n i e n t l y  s o l v e d  u s i n g  d i g i t a l  c o m p u t e r s .
A r g y r i s  ( R e f .  l )  h a s  g i v e n  a u s e f u l  h i s t o r i c a 1 s u r v e y  o f  t h e  
l i t e r a t u r e  p u b l i s h e d  u s i n g  t h i s  m e t h o d  o f  a n a l y s i s .  The  o n l y  a v a i l a b l e  
s o l u t i o n  f o r  p a r a l l e l o g r a m i c  s a n d w i c h  p l a t e s  was  done  i n  1968 by  s o l v i n g  
t h e  g o v e r n i n g  e q u a t i o n s  ( R e f .  2 ) .  H o w e v e r ,  t o  t h e  a u t h o r ' s  k n o w l e d g e ,  
no  s o l u t i o n s  a r e  y e t  a v a i l a b l e  f o r  skew s a n d w i c h  p l a t e s  u s i n g  f i n i t e  
e l e m e n t  t e c h n i q u e s .  Th e w o rk  p r e s e n t e d  g i v e s  a c o m p l e t e  d i s c r e t e  
e l e m e n t  a n a l y s i s  f o r  skew s a n d w i c h  p l a t e s .
1 . 1  H i s t o r i c a l  D i s c u s s i o n
S i n c e  1941 a  l a r g e  am o u n t  o f  w o rk  h a s  b e e n  d e v o t e d  t o  t h e  
f i e l d  o f  s a n d w i c h  c o n s t r u c t i o n .  I n  t h i s  s e c t i o n  a b r i e f  r e v i e w  o f  t h e  
m o s t  i m p o r t a n t  l i t e r a t u r e  t h a t  l e a d  t o  t h i s  w o r k  i s  p r e s e n t e d .
T he  d i s c r e t e  e l e m e n t  m e t h o d s  i n  s t r u c t u r a l  m e c h a n i c s  s t a r t e d  
a l o n g  t i m e  a g o ;  i n  1 9 4 1 ,  H r e n n i k o f f  ( R e f .  3) i n t r o d u c e d  s o l u t i o n s  f o r  
some p r o b l e m s  by a  ' f r a m e  w o rk  m e t h o d ' .  L evy  ( R e f .  4 ) ,  i n  1953 i n t r o ­
d u c e d  a n  i n i t i a l  e f f o r t  t o  m o d e l  a i r c r a f t  s t r u c t u r e s  by o n e  - d i m e n s i o n a l  
beams a n d  t o r q u e  b o x e s .  I n  1956 T u r n e r ,  C l o u g h ,  M a r t i n  a n d  Topp  ( R e f .  5) 
r e f i n e d  t h e  m e t h o d  t o  i n c l u d e  r e c t a n g u l a r  a n d  t r i a n g u l a r  e l e m e n t s  i n  
o r d e r  t o  r e p r e s e n t  two -  d i m e n s i o n a l  i n p l a n e  b e h a v i o r .  P a p p e n f u s s  
( R e f .  6 ) a n d  M e lo s h  ( R e f .  7) d e v e l o p e d  d i s c r e t e  e l e m e n t  m o d e l i n g s  f o r  
r e c t a n g u l a r  p l a t e s  i n  b e n d i n g .
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4I n  1963 M e lo s h  ( R e f .  8 ) ,  s t a t e d  a  number  o f  r e q u i r e m e n t s  
s u c h  a s  i m p o s i n g  t h e  e s s e n t i a l  g e o m e t r i c  a d m i s s i b i l i t y  c o n d i t i o n s  
b e t w e e n  t h e  e l e m e n t s ,  w h i c h  s h o u l d  be s a t i s f i e d  by t h e  a s s u m e d  d i s p l a c e ­
m e n t  s t a t e s ;  o n e  o f  t h e s e  c o n d i t i o n s  i s  m a i n t a i n i n g  d i s p l a c e m e n t  c o n t i n ­
u i t y  a l o n g  t h e  common e d g e  o f  a d j a c e n t  e l e m e n t s .  T h e s e  r e q u i r e m e n t s  
m u s t  be s a t i s f i e d  i n  o r d e r  t o  a s s u r e  m o n o t o n i c  c o n v e r g i n g  s o l u t i o n s .
P i a n  ( R e f .  9) a d d e d  t h u t  s l o p e  c o n t i n u i t y  f o r  a n  a s s e m b l e d  s e t  o f  p l a t e  
e l e m e n t s  i n  b e n d i n g  m u s t  a l s o  be  m a i n t a i n e d  a l o n g  common e d g e s .  Num er ­
i c a l  e x a m p l e s  b a s e d  on g e o m e t r i c a l l y  a d m i s s i b l e  d i s p l a c e m e n t  s t a t e s  
shows t h a t ,  i f  t h e  f i n i t e  e l e m e n t  m o d e l i n g  i s  s e q u e n t i a l l y  r e f i n e d ,  
c o n v e r g e n c e  o f  t h e  p o t e n t i a l  e n e r g y  i s  m o n o t o n i c ,  b u t  i t  d o e s  n o t  
n e c e s s a r i l y  c o n v e r g e  t o  t h e  t r u e  minumum p o t e n t i a l  e n e r g y .  H o w e v e r ,  i f  
t h e  e l e m e n t  i s  m a t h e m a t i c a l l y  ' c o m p l e t e '  t h e n  t h e  p o t e n t i a l  e n e r g y  
c o n v e r g e s  t o  t h e  e x a c t  minimum o f  t h e  p o t e n t i a l  e n e r g y .  T h e  p r o b l e m  
o f  ' c o m p l e t e n e s s '  h a s  b e e n  d i s c u s s e d  i n  R e f s .  10 a n d  11 a n d  i s  s t i l l  a 
c u r r e n t  r e s e a r c h  a r e a .  A n o t h e r  r e q u i r e m e n t  s t a t e d  i n  R e f .  12 i s  t h a t  t h e  
e l e m e n t  d i s p l a c e m e n t  s t a t e s  s h o u l d  be  a b l e  t o  r e p r e s e n t  t h e  r i g i d  
b o d y  modes  e v e n  f o r  r e l a t i v e l y  c o a r s e  m o d e l i n g s  so  t h a t  t h e  r i g i d  bo d y  
d i s p l a c e m e n t s  p r o d u c e  v e r y  l i t t l e  s t r a i n  e n e r g y .  I n  s e l e c t i n g  a s s u m e d  
d i s p l a c e m e n t  f u n c t i o n s ,  B o g n e r  ( R e f .  13) p r e s e n t e d  a  goo d  d i s c u s s i o n  
o f  t h e  r e q u i r e m e n t s  t h a t  s h o u l d  be s a t i s f i e d  ( i . e .  g e o m e t r i c  a d m i s s i b i l i t y  
c o n d i t i o n s ,  r i g i d  body  d i s p l a c e m e n t  s t a t e s  a n d  c o m p l e t e n e s s ) .
I n  1966 B o g n e r ,  Fox  a n d  S c h m i t  ( R e f .  14) d e v e l o p e d  a r e c t a n g ­
u l a r  t h i n  p l a t e  e l e m e n t  s a t i s f y i n g  a l l  t h e  a b o v e  c r i t e r i a  u s i n g  a d i s ­
p l a c e m e n t  f u n c t i o n  fo r m e d  by t h e  sum o f  p r o d u c t s  o f  o n e  -  d i m e n s i o n a l
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5H e r m i t e  i n t e r p o l a t i o n  p o l y n o m i a l s .  T h i s  m e t h o d  was  a l s o  a p p l i e d  t o  a
skew  t h i n  p l a t e  e l e m e n t  by M o n f o r t o n  a n d  S c h m i t  ( R e f .  1 5 ) .
i n  t h e  a r e a  o f  s a n d w i c h  s t r u c t u r e s  R e f s .  1 6 ,  1 7 ,  18 a n d  19
p r e s e n t  a n  i n s t r u c t i v e  d i s c u s s i o n  o f  t h e  p r e s e n t  a n d  f u t u r e  p o s s i b i l i t i e s  
i n  t h i s  f i e l d .  I n  1 9 4 8 ,  R e i s s n e r  ( R e f .  20) made i m p o r t a n t  c o n t r i b u t i o n s  
f o r  t h e  a n a l y s i s  o f  f i n i t e  d e f l e c t i o n s  o f  r e c t a n g u l a r  s a n d w i c h  p l a t e s  
c o n s i s t i n g  o f  two i d e n t i c a l  i s o t r o p i c  f a c e s  b o n d i n g  ,a n  i s o t r o p i c  c o r e .
He c o n c l u d e d  t h a t  t h e  r a n g e  t h a t  t h e  s m a l l  d e f l e c t i o n  t h e o r y  i s  v a l i d  
d e c r e a s e s  a s  t h e  c o r e  s h e a r  s t i f f n e s s e s  i s  made s m a l l e r  w i t h  r e s p e c t  
t o  t h a t  o f  t h e  f a c e s .  I n  t h e  same y e a r  T a y l o r  ( R e f .  21) u s e d  t h e  c l a s s ­
i c a l  t h e o r y  o f  p l a t e s  t o  d e v e l o p  a  s e t  o f  m o d i f i e d  p l a t e  e q u a t i o n s  
a p p l i c a b l e  t o  t h e  s o l u t i o n  o f  r e c t a n g u l a r  s a n d w i c h  p l a t e s .  He a l s o  showed 
t h a t  t h e  t o t a l  d e f l e c t i o n  c a n  be  r e p r e s e n t e d  a s  t h e  sum o f  two p a r t s ,  
o n e  due t o  b e n d i n g ,  t h e  o t h e r  p a r t  d u e  t o  t h e  t r a n s v e r s e  s h e a r .  S o o n  
a f t e r  i n  1 9 4 9 ,  L i b o v e  a n d  B a t d o r f  ( R e f .  2 2 ) ,  d e v e l o p e d  a  g e n e r a l  s m a l l  
d e f l e c t i o n  t h e o r y  f o r  t h e  e l a s t i c  b e h a v i o r  o f  o r t h o t r o p i c  r e c t a n g u l a r  
s a n d w i c h  p l a t e s ;  e n e r g y  e x p r e s s i o n s  a n d  d i f f e r e n t i a l  e q u a t i o n s  f o r  s a n d ­
w i c h  p l a t e s  w e r e  g i v e n .
I n  1 9 5 0 ,  H o f f  ( R e f .  23) em p l o y e d  t h e  same a s s u m p t i o n s  a s  
R e i s s n e r  t o  d e r i v e  a  s e t  o f  d i f f e r e n t i a l  e q u a t i o n s  i n  o r d e r  t o  s o l v e  
t h e  p r o b l e m s  o f  b e n d i n g  a n d  b u c k l i n g  o f  s a n d w i c h  p l a t e s  u s i n g  t h e  
s t r a i n  e n e r g y  a n d  a l i n e a r  e i g e n v a l u e  a p p r o a c h .  I n  t h e  same p a p e r  h e  
d i s c u s s e d  t h e  p r o b l e m s  t h a t  a r i s e  i n  s e l e c t i n g  r e a l i s t i c  b o u n d a r y  c o n ­
d i t i o n s  f o r  s a n d w i c h  p l a t e s .  I k e d a  ( R e f .  2 4 ) ,  i n  1955 p r e s e n t e d  a 
s o l u t i o n  f o r  t h e  b a s i c  d i f f e r e n t i a l  e q u a t i o n s  g i v i n g  t h e  d e f l e c t i o n  a n d
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6t h e  s t r e s s  f u n c t i o n .  H i s  t h e o r y  was  d e v e l o p e d  f o r  b e n d i n g  o f  i s o t r o p i c  
r e c t a n g u l a r  s a n d w i c h  p l a t e s  t a k i n g  i n t o  a c c o u n t  t h e  c o n t r i b u t i o n s  o f  t h e  
s t i f f n e s s e s  o f  t h e  f a c e s  a n d  t h e  c o r e .  Many i m p o r t a n t  p u b l i c a t i o n s  by 
t h e  F o r e s t  p r o d u c t s  L a b o r a t o r y  g r e a t l y  a f f e c t e d  t h i s  f i e l d  o f  s t u d y ;  
f o r  ex a m p l e  R e f s .  25 a n d  26 r e p o r t e d  t h e o r e t i c a l  a n d  e x p e r i m e n t a l  r e s u l t s  
f o r  t h e  d e f l e c t i o n  a n d  s t r e s s e s  o f  s i m p l y  s u p p o r t e d ,  r e c t a n g u l a r  s a r l -  
w i c h  p l a t e s .  I n  1 9 5 7 ,  T h u r s t o n e  ( R e f .  2 7 ) ,  u s e d  H o f f ' s  e n e r g y  e x p r e s s i o n s  
w i t h  a  L a g r a n g i a n  m u l t i p l i e r  m e t h o d ,  a n d  d e r i v e d  e q u a t i o n s  f o r  e v a l u a t i n g  
t h e  d e f l e c t i o n s  a n d  b u c k l i n g  l o a d s  o f  c l a m p e d  r e c t a n g u l a r  s a n d w i c h  p l a t e s .  
Cheng ( R e f .  2 8 ) ,  i n  1 9 6 2 ,  u s i n g  a  s i m i l a r  a p p r o a c h  t o  T h u r s t o n e ,  d e v e l ­
o p e d  a  s y s t e m  o f  d i f f e r e n t i a l  e q u a t i o n s  f o r  s m a l l  d e f l e c t i o n s  o f  a 
r e c t a n g u l a r  s a n d w i c h  p l a t e .  E r i n g e r  ( R e f .  2 9 ) ,  by  t h e  u s e  o f  t h e  t h e o r e m  
o f  minimum c o m p l e m e n t a r y  e n e r g y  c a r r i e d  o u t  a  u s e f u l  a n a l y s i s  on t h e  
b e n d i n g  a n d  b u c k l i n g  o f  r e c t a n g u l a r  s a n d w i c h  p l a t e s  h a v i n g  a  h o m o g en eo u s  
c o r e .  The b e n d i n g  r i g i d i t i e s  o f  t h e  i n d i v i d u a l  f a c e s  a s  w e l l  a s  t h e  
b e n d i n g  r i g i d i t y  o f  t h e  c o r e  w e r e  t a k e n  i n t o  a c c o u n t .
M a r t i n  ( R e f .  3 0 ) ,  d e s c r i b e d  a  t r i a n g u l a r  s a n d w i c h  p l a t e  e l e m e n t  
i n c l u d i n g  t h e  e f f e c t s  o f  t r a n s v e r s e  s h e a r  d e f o r m a t i o n s  i n  t h e  c o r e .  The 
c o r e  was a p p r o x i m a t e d  a s  s h e a r  p a n e l s  on t h e  e l e m e n t  e d g e s ,  w h i l e  t h e  
b e n d i n g  a c t i o n  was r e s i s t e d  s o l e l y  by membrane a c t i o n  o f  t h e  f a c e s .
I n  t h i s  c a s e  t h e  s l o p e  c o n t i n u i t y  c o n d i t i o n s  d o e s  n o t  a p p l y ;  t h i s  i s  
a r e s u l t  o f  t h e  a s s u m p t i o n  t h a t  t h e  f a c e s  a r e  i n c a p a b l e  o f  c a r r y i n g  a n y  
b e n d i n g  moment  by t h e m s e l v e s .  The s a n d w i c h  e l e m e n t  o f  M a r t i n  was a p p l i e d  
t o  non - s a n d w i c h  p l a t e s  a n d  a c h i e v e d  i n t e r e l e m e n t  d i s p l a c e m e n t  c o n t i n ­
u i t y  a n d  a t  t h e  same t i m e  i n c l u d e d  t h e  e f f e c t s  o f  t h e  t r a n s v e r s e  s h e a r
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7d e f o r m a t i o n .  I n  1 9 6 7 ,  Kan a n d  Huang ( R e f .  31) made u s e  o f  t h e  metthod 
o f  s u c c e s s i v e  a p p r o x i m a t i o n s  t o  s o l v e  f o r  t h e  s m a l l  a n d  f i n i t e  d e f l e c t i o n  
a n a l y s i s  o f  a r e c t a n g u l a r  c l a m p e d  s a n d w i c h  p l a t e .  I n  t h e  same y e a r ,
Alwan ( R e f .  3 2 ) ,  d e s c r i b e d  t h e  s m a l l  a n d  f i n i t e  d e f l e c t i o n  b e h a v i o r  o f  
r e c t a n g u l a r  s i m p l y  s u p p o r t e d  s a n d w i c h  p l a t e s  m a k i n g  u s e  o f  R e i s s n e r Ts 
e q u a t i o n s .  I n  t h e s e  c a s e s  t h e  s a n d w i c h  p l a t e s  w e r e  co m p o sed  o f  a n  
i s o t r o p i c  c o r e  b o u n d e d  by e q u a l  t h i c k n e s s  i s o t r o p i c  f a c e s .  I n  1 9 6 8 ,
Guha -  T h a k u r t a  ( R e f .  33)  a n d  K ennedy  ( R e f .  2 ) ,  p r e s e n t e d  a s o l u t i o n  
t o  t h e  g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n s  o f  a  c l a m p e d  p a r a l l e l o g r a m i c  
s a n d w i c h  p l a t e .  To t h e  a u t h o r ' s  k n o w l e d g e  t h e y  g a v e  t h e  o n l y  a v a i l a b l e  
t h e o r e t i c a l  a n d  e x p e r i m e n t a l  n u m e r i c a l  r e s u l t s  on c l a m p e d  p a r a l l e l o ­
g r a m i c  s a n d w i c h  p l a t e s .  I n  t h e  a n a l y s i s  t h e  d e f l e c t i o n  i s  d i v i d e d  i n t o  
two p a r t s ,  o n e  d u e  t o  b e n d i n g  a n d  t h e  o t h e r  due  t o  t r a n s v e r s e  s h e a r .
An i m p o r t a n t  r e p o r t  on t h e  p r o p e r t i e s  o f  a lu m i n u m  s a n d w i c h  p a n e l s ,  
w i t h  t h e o r e t i c a l  a n d  e x p e r i m e n t a l  r e s u l t s  on  f o l d e d  p l a t e  s t r u c t u r e s  
h a s  b e e n  g i v e n  by F a z i o  a n d  K ennedy  ( R e f .  3 4 ) .
R e c e n t l y ,  M o n f o r t o n  ( R e f .  35)  d e v e l o p e d  a  f i n i t e  e l e m e n t  
c a p a b i l i t y  f o r  t h e  s m a l l  a n d  l a r g e  d e f l e c t i o n  a n a l y s i s  o f  s a n d w i c h  
p l a t e s  a n d  c y l i n d r i c a l  s h e l l s  w i t h  a n i s o t r o p i c  f a c e s  a n d  o r t h o t r o p i c  
c o r e s .  The e l e m e n t s  d e v e l o p e d  s a t i s f y  t h e  g e o m e t r i c  a d m i s s i b i l i t y  
c o n d i t i o n s ,  c o m p l e t e n e s s  a n d  r i g i d  b o d y  mode r e q u i r e m e n t s .  However  t h e  
e l e m e n t s  w e r e  r e s t r i c t e d  t o  a r e c t a n g u l a r  g e o m e t r y .  To t h e  a u t h o r ' s  
k n o w l e d g e ,  no r e s u l t s  a r e  y e t  a v a i l a b l e  f o r  skew s a n d w i c h  p l a t e s  u s i n g  
t h e  f i n i t e  e l e m e n t  t e c h n i q u e .  T he  w o r k  c a r r i e d  o u t  h e r e i n  i s  a n  e x t e n s i o n
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8o f  t h e  r e c t a n g u l a r  s a n d w i c h  p l a t e  e l e m e n t  r e p o r t e d  by M o n f o r t o n  a n d  
S c h m i t  ( R e f .  3 6 ) ;  t h e  e x t e n s i o n  i n v o l v e s  t h e  f o r m u l a t i o n  o f  a  f i n i t e  
e l e m e n t  a n a l y s i s  f o r  skew s a n d w i c h  p l a t e s .
1 . 2  P u r p o s e  a n d  S cope
A f i n i t e  e l e m e n t  m e t h o d ,  b a s e d  on t h e  t h e o r e m  o f  minimum 
t o t a l  p o t e n t i a l  e n e r g y ,  f o r  skew s a n d w i c h p l a t e s  i s  p r e s e n t e d  i n  t h e  
f o l l o w i n g  c h a p t e r s .  P o t e n t i a l  e n e r g y  e x p r e s s i o n s  a r e  g i v e n  f o r  skew 
s a n d w i c h  p l a t e s  i n  a n  o b l i q u e  c o o r d i n a t e  s y s t e m .  The s a n d w i c h  e l e m e n t  
i s  com pos ed  o f  two e l a s t i c  i s o t r o p i c  f a c i n g s  bo n d ed  t o  a  c o r e  w h i c h  i s  
c o n s i d e r e d  o r t h o t r o p i c  a n d  t y p i c a l  o f  t h a t  u s e d  i n  honeycom b s a n d w i c h  
c o n s t r u c t i o n .  A l i n e a r  a n a l y s t  i s  p r e s e n t e d  f o r  skew s a n d w i c h  p l a t e s  
w i t h  a n y  skew a n g l e  p ;  by s i m p l y  s e t t i n g  (3 — 0 , t h e  a n a l y s i s  i s  c a p ­
a b l e  o f  s o l v i n g  r e c t a n g u l a r  s a n d w i c h  p l a t e  p r o b l e m s .  A l s o  by c o n s i d e r i n g  
a  s i n g l e  f a c e  o f  t h e  s a n d w i c h  s y s t e m  t h e  m e t h o d  i s  c o n v e n i e n t l y  a p p l i e d  
t o  d e s c r i b e  t h e  b e h a v i o r  o f  t h i n  i s o t r o p i c  skew an d  r e c t a n g u l a r  p l a t e s  
a n d  m e m b ra n es .
C h a p t e r  I I  c o n t a i n s  g e n e r a l  e x p r e s s i o n s  f o r  t h e  s t r a i n  e n e r g y  
o f  t h e  f a c e s  a n d  c o r e  i n  t e r m s  o f  t h e  skew  p l a t e  g e o m e t r y ,  t h e  e l a s t i c  
s t i f f n e s s e s  o f  t h e  f a c e s ,  t h e  t r a n s v e r s e  s h e a r  m o d u l i i  o f  t h e  c o r e  a n d  
t h e  d i s p l a c e m e n t  c o m p o n e n t s .  d i s p l a c e m e n t  b e h a v i o r  i s  d e s c r i b e d  by
f i v e  v a r i a b l e s :  t h e  f o u r  membrane d i s p l a c e m e n t s  u ^ , v^  ( f  =  1 , 2 ) o f
t h e  two f a c e s  an d  t h e  t r a n s v e r s e  d i s p l a c e m e n t  w. The c h o s e n  o b l i q u e  
c o o r d i n a t e  s y s t e m  a n d  i t s  r e l a t i o n s  t o  t h e  r e c t a n g u l a r  c o o r d i n a t e  s y s t e m
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a n d  f a c e s  a r e  a l s o  i n c l u d e d .  G e n e r a l  e x p r e s s i o n s  f o r  t h e  w o rk  done  by 
e x t e r n a l  l o a d s  (membrane a n d  b e n d i n g )  a r e  a l s o  g i v e n  i n  t e r m s  o f  t h e  
a p p l i e d  l o a d  a n d  t h e  d i s p l a c e m e n t  c o m p o n e n t s .
I n  c h a p t e r  I I I ,  t h e  d i s p l a c e m e n t  b e h a v i o r  o f  t h e  skew s a n d ­
w i c h  p l a t e  i s  d e s c r i b e d  u s i n g  f u n c t i o n s  w h i c h  r e a j d i l y  p e r m i t  s a t i s f a c t i o n  
o f  t h e  g e o m e t r i c  a d m i s s i b i l i t y  c o n d i t i o n s  o f  t h e  p r i n c i p l e  o f  minimum 
t o t a l  p o t e n t i a l  e n e r g y .  The f i r s t  f u n c t i o n  i s  a  z e r o  o r d e r  H e r m i t e  
( L a g r a n g e )  i n t e r p o l a t i o n  p o l y n o m i a l ,  t h e  s e c o n d  i s  a f i r s t  o r d e r  H e r m i t e  
i n t e r p o l a t i o n  p o l y n o m i a l  ( O s c u l a t o r y ) .  M a i n l y  two a p p r o a c h e s  a r e  c o n ­
s i d e r e d  t o  s o l v e  t h e  p r o b l e m  o f  skew s a n d w i c h  p l a t e s ,  o n e  o f  w h i c h  i s  
b a s e d  on t h e  a s s u m p t i o n  t h a t  t h e  membrane d i s p l a c e m e n t s  a r e  r e p r e s e n t e d  
by L a g r a n g e  ( B i l i n e a r )  f u n c t i o n s  a n d  t h e  t r a n s v e r s e  d i s p l a c e m e n t  
f u n c t i o n  i s  r e p r e s e n t e d  a s  f i r s t  - o r d e r  H e r m i t e  i n t e r p o l a t i o n  p o l y ­
n o m i a l s .  I n  t h e  s e c o n d  a p p r o a c h  a l l  t h e  d i s p l a c e m e n t  f u n c t i o n s  a r e  
r e p r e s e n t e d  a s  f i r s t  o r d e r  H e r m i t e  i n t e r p o l a t i o n  p o l y n o m i a l s .  F o r  
e a c h  o f  t h e  two m e n t i o n e d  a p p r o a c h e s ,  t h e  a s s u m e d  d i s p l a c e m e n t  f u n c t i o n s  
a r e  s u b s t i t u t e d  i n t o  t h e  g e n e r a l  e x p r e s s i o n s  f o r  t h e  s t r a i n  e n e r g y  g i v e n  
i n  c h a p t e r  I I ,  t o  g e t  a  d i s c r e t i z e d  s t r a i n  e n e r g y  f o r m u l a t i o n  i n  t e r m s  
o f  t h e  p l a t e  g e o m e t r y ,  t h e  m a t e r i a l  p r o p e r t i e s  a n d  t h e  u n d e t e r m i n e d  
n o d a l  c o e f f i c i e n t s  o f  t h e  e l e m e n t .  F o l l o w i n g  a  s y s t e m a t i c  d e r i v a t i o n ,  
t h e  e l e m e n t s  o f  t h e  e l e m e n t  s t i f f n e s s  m a t r i c e s  a r e  g i v e n .
I n  c h a p t e r  I V ,  a  v a r i a b l e  c o r r e l a t i o n  t a b l e  i s  u s e d  t o  i m p o s e  
g e o m e t r i c  a d m i s s i b i l i t y  b e t w e e n  e l e m e n t s .  The s e l e c t i o n  o f  t h e  i n d e p ­
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e n d e n t  d e g r e e s  o f  f r e e d o m ,  c o n s i d e r i n g  t h e  a d d i t i o n a l  c o n d i t i o n s  t h a t  
c a n  be  i m p o s e d  due t o  t h e  e n g i n e e r ' s  e x p e r i e n c e  a n d  t h e  e x p e c t e d  b e h a v i o r  
o f  t h e  s t r u c t u r e  i s  t h o r o u g h l y  d i s c u s s e d .
S e v e r a l  n u m e r i c a l  e x a m p l e s  a r e  s o l v e d  t o  i l l u s t r a t e  t h e  p o t e n ­
t i a l  o f  t h e  f i n i t e  e l e m e n t  t e c h n i q u e  i n  t h e  f i e l d  o f  s a n d w i c h  p l a t e s .
L i n e a r  s o l u t i o n s  ( u s i n g  a G a u s s i n  e l i m i n a t i o n  m e t h o d )  f o r  d i f f e r e n t  
p r o b l e m s  o f  r e c t a n g u l a r  a n d  skew s a n d w i c h  p l a t e s  a r e  p r e s e n t e d .  R e s u l t s  
a r e  c o m p a r e d ,  w h e r e  p o s s i b l e ,  w i t h  e x i s t i n g  t h e o r e t i c a l  a n d  e x p e r i m e n t a l  
r e s u l t s .
C h a p t e r  V i s  d e v o t e d  t o  t h e  d i s c u s s i o n  o f  t h e  r e s u l t s ,  e s p e c i a l l y  
t h e  m a i n  d i f f e r e n c e s  b e t w e e n  s o l u t i o n s  u s i n g  t h e  two p r e v i o u s l y  m e n t i o n e d  
a p p r o a c h e s  ( i . e .  L a g r a n g e  -  H e r m i t e  a p p r o a c h  a n d  H e r m i t e  -  H e r m i t e  a p p r ­
o a c h ) .  Also t h e  e f f e c t  o f  g r i d  r e f i n e m e n t  o f  t h e  s a n d w i c h  p l a t e  s y s t e m  
i s  d i s c u s s e d .  Some c o n c l u s i o n s  a n d  r e c o m m e n d a t i o n s  a r e  d ra w n  i n  c h a p t e r  
V.
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CHAPTER I I
GENERAL FORMULATIONS
T h i s  c h a p t e r  d e v e l o p e s  t h e  s t r a i n  e n e r g y  e x p r e s s i o n s  a n d  
t h e  p o t e n t i a l  o f  t h e  a p p l i e d  l o a d s  f o r  t h e  g e n e r a l  c a s e  o f  skew s a n d ­
w i c h  p l a t e s .  Th e s a n d w i c h  s y s t e m  c o n s i s t s  o f  two i s o t r o p i c  t h i n  s h e e t s  
b o n d e d  t o  a r e l a t i v e l y  t h i c k  o r t h o t r o p i c  c o r e .  U s i n g  t h e  c h o s e n  o b l i q u e  
c o o r d i n a t e  s y s t e m ,  t h e  p o t e n t i a l  e n e r g y  i s  o b t a i n e d  i n  t e r m s  o f  t h e  
skew p l a t e  g e o m e t r y ,  t h e  s t i f f n e s s e s  o f  t h e ,  f a c e s ,  t h e  t r a n s v e r s e  s h e a r  
modulii  o f  t h e  c o r e  m a t e r i a l  a n d  t h e  d i s p l a c e m e n t  c o m p o n e n t s  o f  t h e  skew 
p l a t e .
2 . 1  Skew P l a t e  O b l i q u e  C o o r d i n a t e s  a n d  D i s p l a c e m e n t  C o m p o n e n t s :
An o b l i q u e  c o o r d i n a t e  s y s t e m  (g,,  T], z ) i s  c h o s e n  ( F i g . l )  
a s  f o l l o w s :
t h e  § a x i s  c o i n c i d e s  w i t h  t h e  x  a x i s  w h i c h  i s  t h e  h o r i z o n t a l  
e d g e  o f  t h e  p l a t e .  The T| a x i s  m akes  a n  a n g l e  p 'wi th  t h e  
p o s i t i v e  d i r e c t i o n  o f  y  a n d  c o i n c i d e s  w i t h  t h e  i n c l i n e d  
e d g e  o f  t h e  p l a t e .  p i s  t h e  a n g l e  f ro m  t h e  y a x i s  t o  t h e  
T] a x i s  m e a s u r e d  c o u n t e r c l o c k w i s e .
The r e l a t i o n s  b e t w e e n  t h e  o r t h o g o n a l  c o o r d i n a t e s  ( x ,  
y ,  z )  a n d  t h e  o b l i q u e  c o o r d i n a t e s  ( c ,  n 5 z ) c a n  be w r i t t e n  a s :
X  = 5 -  r\ s i n  P ; y =  r |  c o s  p  ( 2. l a  )
U
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^ =  x +  y t a n  p ; n  ~  y s e c  p ( 2 . 1 b )
A l s o  t h e  r e l a t i o n s  b e t w e e n  t h e  d e r i v a t i v e s  o f  a n y  d i s p l a c e ­
m e n t  a i n  t h e  two c o o r d i n a t e  s y s t e m s  c a n  be e x p r e s s e d  a s :
5a _  _gA
5 x  ~  B? ( 2 . 2 a )
t a n  p +  s e c  p ( 2 . 2 b )
By r  Bri
. 2  2 5 A _
BE^ ( 2. 2c)B ^
2 2 2 2 B a  B a  2 B a B a  2 /  >~ t a n  p -h 2 —  t a n  p s e c  p -f — -  s e c  p ( 2 . 2dj
ay a; 2 a n
B2a B2a B2a , ,
r —-  = — r  tan  P + sec P ( 2. 2eBx^y 2 H B^Bri K
A l s o  i f  TT, "v a n d  u ,  v  a r e  t h e  d i s p l a c e m e n t  c o m p o n e n t s  i n  t h e  two c o o r d ­
i n a t e  s y s t e m  a s  shown i n  F i g .  1 ,  t h e n  t h e i r  r e l a t i o n s  a r e :
u  =  u -  v  s i n  p u =  u +  v  t a n  p ( 2 . 3a )
v  =  v“ Cos p V  =  v / c o s  P =  v  s e c  p ( 2. 3b)
u ,  v  a r e  i n  t h e  x ,  y d i r e c t i o n s  a n d  u ,  v  a r e  i n  r| d i r e c t i o n s .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
13
2 . 2  D i s p l a c e m e n t  C o n t i n u i t y  C o n d i t i o n s  b e t w e e n  t h e  C o re  a n d  F a c e s :
A s s u m i n g  t h a t  t h e  f a c e s  o f  t h e  s a n d w i c h  p l a t e  a r e  t h i n ,  t h e
d i s p l a c e m e n t s  f o r  t h e  f a c e s  u £ , v £ away f r o m  t h e i r  m i d d l e  s u r f a c e  i n
t e r m s  o f  u £ , v £ , w,  t h e  d i s p l a c e m e n t s  o f  t h e  m i d d l e  s u r f a c e  c a n  be  
w r i t t e n  a s  ( R e f .  3 5 ) :
u f  ( x ,  y ,  z f ) =  u f  ( x ,  y)  “ z f  ( 2 . 4 a )
Vf  ( x ,  y ,  z f ) =  v£ ( x ,  y )  -  z f  ^  ( 2 . 4 b )
w h e r e  z £ i s  t h e  d i s t a n c e  f r o m  t h e  m i d d l e  s u r f a c e  o f  t h e  f a c e .
The f o l l o w i n g  r e s t r i c t i o n s  a r e  a p p l i e d  a s  i n  R e f .  37 i n  o r d e r  
t o  d e r i v e  t h e  r e l a t i o n s h i p  b e t w e e n  t h e  c o m p o n e n t s  o f  s t r a i n  a n d  t h e  com­
p o n e n t s  o f  d i s p l a c e m e n t s  i n  t h e  c o r e :
( l )  The d i s p l a c e m e n t s  u , v  aw ay  f r o m  t h e  m i d d l e  s u r f a c e  c c c J
v a r y  l i n e a r l y  a c r o s s  t h e  c o r e  t h i c k n e s s ,  a n d  t h e  t r a n s v e r s e  
d e f l e c t i o n  i s  c o n s t a n t  t h r o u g h o u t  t h e  t h i c k n e s s  o f  t h e  p l a t e ,  
t h a t  i s :
u c ^x ’ y ’ z c } =  u c ^x ’ +  z c $c ( 2 . 5 a )
~  ( x ,  y ,  z c ) =  vc ( x , y )  +  ( 2 . 5 b )
c
wc ( x ,  y ,  z c ) =  w ( x , y )  ( 2 . 5 c )
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w h e r e  §c > r e p r e s e n t s  t h e  r o t a t i o n  o f  t h e  n o r m a l s  t o  t h e  
m i d d l e  s u r f a c e  o f  t h e  c o r e ;  u c  a n d  a r e  t h e  i n p l a n e  d i s ­
p l a c e m e n t s  o f  t h e  m i d d l e  s u r f a c e  o f  t h e  c o r e .
( 2 )  The t r a n s v e r s e  d i s p l a c e m e n t  w i s  s m a l l .
( 3 )  The p l a t e  r o t a t i o n s  a r e  s m a l l .
r-y
T he  d i s p l a c e m e n t s  u , v a w a y  f r o m  t h e  m i d d l e  s u r f a c e  s h o u l d  
be  t h e  same f o r  t h e  f a c e s  a n d  t h e  c o r e  a t  t h e  c o n t a c t  p l a n e  b e t w e e n  
b o t h  t h e  f a c e s  a n d  t h e  c o r e .
From F i g .  2 t h e s e  d i s p l a c e m e n t  c o n t i n u i t y  c o n d i t i o n s  c a n  be  
e x p r e s s e d  a s :
u c ( x ,  y ,  z c =  - t c / 2 ) =  u 1 ( x ,  y ,  zj_ =  + t  /2 )
( 2. 6 a )
u c ( x ,  y ,  z c =  + t c / 2 )  =  u 2 ( x ,  y ,  z 2 - . t ^ / 2 )
( 2 . 6 b )
v c ( x ,  y ,  z c =  _ t c / 2 ) =  z L =  + t 1 / 2 )
( 2 . 6 c )
rv
v c y» z c =  +  t c / 2 )  =  v 2 ( x ,  y ,  z 2 =  - t 2 / 2 j
( 2 . 6 d )
The t r a n s v e r s e  d e f l e c t i o n  w i s  a s s u m e d  t o  r e m a i n  c o n s t a n t  t h r o u g h  t h e  
t h i c k n e s s  o f  t h e  s a n d w i c h  p l a t e ,  t h a t  i s :
wc ( x ,  y ,  z c ) =  w1 ( x ,  y ,  z ^  =  w2 ( x ,  y ,  z 2 ) =  w ( x ,  y)
( 2 . 6 e )
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Xt i s  c l e a r  tha t
u c =  £ v x ’ y» z c =  +  ^ x ’ y ’ z c =  t c / /2^  / 2
[ 2 . 1 a )
v c = [ v c ( x ,  y ,  z c  =  _ t c / 2 ) +  ( x ,  y ,  z c =  t c / 2 ) ] / 2
( 2 . 7 b )
U s i n g  Eq.  2 . 4  a n d  t h e  c o n t i n u i t y  c o n d i t i o n s  ( E q s .  2 . 6 )  a n d  s u b s t i t u t ­
ing i n t o  E q s .  2 . 7  g i v e s :
u  =  ^  (u  +  u ) +  y- ( t „  -  t  ) Ip- ( 2 . 8 a )c 2 1 2 4 2 1 Sx
vc -  2 l v l  + v 2> + 4  l t 2 ‘  U 1 ^  ( 2 ' 8b)
A p p l y i n g  c o n d i t i o n s  ( 2 . 5 )  a n d  u s i n g  E q s .  2 . 8 :
c ct  C ^U2 ” Ul^  +  2 ^ 2  +  t l^  Sx 3 ( 2 . 9 a )
^ c  “  I  [ ( v 2 " v l ] +  2 ( t 2 +  t l } P  ( 2 *9b)c
T he  membrane d i s p l a c e m e n t s  u ^ ,  v  ^ , u ° f  b h e f a c e s  a n d  
t h e  t r a n s v e r s e  d i s p l a c e m e n t  w a r e  t a k e n  t o  r e p r e s e n t  t h e  d i s p l a c e m e n t s
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o f  t h e  s a n d w i c h  s y s t e m .  The c h o i c e  o f  t h e  d i s p l a c e m e n t  v a r i a b l e s  i n  
t h i s  way a d m i t s  t r a n s v e r s e  s h e a r  d e f o r m a t i o n s  i n  t h e  c o r e ,  a l s o  a l l o w s  
f l e x i b i l i t y  i n  c h o o s i n g  r e a l i s t i c  b o u n d a r y  c o n d i t i o n s ;  f o r  e x a m p l e ,  i t  
i s  p o s s i b l e  t o  h a v e  d i f f e r e n t  membrane b o u n d a r y  c o n d i t i o n s  f o r  t h e  two 
f a c e s  ( e . g .  membrane d i s p l a c e m e n t s  p r e v e n t e d  a l o n g  l o w e r  f a c e  a n d  memb­
r a n e  d i s p l a c e m e n t s  a l l o w e d  on t h e  u p p e r  f a c e ) .  A l s o  t h e  d i s p l a c e m e n t  
v a r i a b l e s  s e l e c t e d  m ak es  i t  p o s s i b l e  t o  e a s i l y  s o l v e  p r o b l e m s  o f  s m a l l  
d e f l e c t i o n  a n a l y s i s  o f  t h i n  i s o t r o p i c  p l a t e s  a s  a  s p e c i a l  c a s e  by s i m p l y  
c o n s i d e r i n g  one  f a c e  o f  t h e  s a n d w i c h  s y s t e m .
2 . 3  S t r a i n  E n e r g y  o f  F a c e s :
The s t r a i n  e n e r g y  o f  t h e  f a c e s  a r e  d e r i v e d  a s  t h i n  i s o t r o p i c  
p l a t e s  m a k i n g  u s e  o f  t h e  f o l l o w i n g  a s s u m p t i o n s :
( 1 )  Th e f a c e s  a r e  c o n s i d e r e d  t h i n  a n d  i s o t r o p i c .
(2 )  A n o r m a l  t o  t h e  m i d d l e  s u r f a c e  o f  t h e  f a c i n g  r e m a i n s
n o r m a l  t o  i t a n d  does n o t  c h a n g e  i t s  l e n g t h  d u r i n g  d e f o r m a t i o n s .
( 3 )  Th e l i n e a r  t h e o r y  o f  e l a s t i c i t y  i s  a s s u m e d  t o  b e  v a l i d .
( 4 ) Th e f a c i n g s  a r e  c o n s i d e r e d  a s  o r d i n a r y  t h i n  p l a t e s
t a k i n g  t h e i r  membrane a n d  b e n d i n g  r i g i d i t i e s  i n t o  a c c o u n t .
( 5 )  The  t r a n s v e r s e  n o r m a l  s t r e s s  i s  n e g l i g i b l e .
T he  s t r a i n  e n e r g y  d e n s i t y  f o r  a  p l a t e  i n  t h e  o r t h o g o n a l  
c o o r d i n a t e s  x ,  y i s  w e l l  known a s :  ( R e f .  38)
( 2. 10 )
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w h e r e  t h e  s t r a i n  d i s p l a c e m e n t ,  e q u a t i o n s  a r e :
( 2. 11a)  
( 2. l i b )  
( 2 . 11c)
S u b s t i t u t i n g  t h e  a b o v e  s t r a i n  -  d i s p l a c e m e n t  e q u a t i o n s  i n t o  Eq .  2 . 1 0  
a n d  t h e n  i n t e g r a t i n g  o v e r  t h e  v o lum e  o f  t h e  f a c e ,  t h e  s t r a i n  e n e r g y  c a n  
be  s e p e r a t e d  i n t o  two p a r t s ,  o n e  c o n c e r n e d  w i t h  t h e  membrane d i s p l a c e ­
m e n t s  (Uf ) a n d  t h e  o t h e r  c o n c e r n e d  w i t h  t h e  b e n d i n g  d i s p l a c e m e n t s  
( l l f b ) .  The s t r a i n  e n e r g y  o f  a  f a c e  due  t o  membrane d i s p l a c e m e n t s  b e ­
c o m e s ,  i n  r e c t a n g u l a r  c o o r d i n a t e s :
w h e r e  r e p r e s e n t s  t h e  a r e a  o f  t h e  f a c e .  U s i n g  t h e  p r o p e r  r e l a t i o n s  
b e t w e e n  t h e  r e c t a n g u l a r  a n d  o b l i q u e  c o o r d i n a t e  s y s t e m s  a s  g i v e n  by 
E q s .  2 . 1  t o  2 . 3  a n d  s u b s t i t u t i n g  t h e  d i f f e r e n t i a l  e l e m e n t  dx dy by 

















3 B x y
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e n e r g y  i n  t h e  o b l i q u e  c o o r d i n a t e  s y s t e m :
E , t  3u 2 Svf  &  2
u£,» = cos?is c'ir1 + lsln**w+ sir1
Bu a v f  ?u
+  2uf  (— ) ( s i n  p —  +  —  +  1  l l - V  ^  t a n  p
8u 8v _ 2
+  - —  s e c  B +  —  c o s  fi) 1 d 5 d r\ ( 2 . 1 3 )
S r i  r  8 ?  “
L e t  t h e  membrane s t i f f n e s s  be  t a k e n  a s
B
f  ( l - w | )
Bf  2 9 2 , ^ f i 2
t h e r e f o r e :  u£m = T  c o e  p |  J T ( ^ £ )  +  s l n 2 p ( _ t )  +  < ^  >
BVr  Bu.  SVj.
+ 2 sin e (^ > + sl“ (* ^  ^ >
? £ ,  1  . . 2 .  , * i ) 2
dv.
+  2uf  a f  +  f  u  V  t a n " P ^
+  2 s e c 2p ( ^ p ) 2 +  2 c o s
+  ( 1 - u  ) s e c  p t a n  p ( — £ )  (— 1 )  +  U . u
. . . s<n f  Sri a ?
8u f  $v
+  ( l - u f ) S i n  B I— ) (— J l d ^ d T !  ( 2 . 1 4 )
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S i m i l a r l y ,  t h e  s t r a i n  e n e r g y  i n  r e c t a n g u l a r  c o o r d i n a t e s  f o r  
t h e  b e n d i n g  p o r t i o n  o f  t h e  s t r a i n  e n e r g y  b e c o m e s :
u s i n g  t h e  p r o p e r  t r a n s f o r m a t i o n  f r o m  t h e  x , y  p l a n e  t o  t h e  § , r |  p l a n a > 
a n d  u s i n g  E q s .  2 . 1 ,  2 . 2 ,  2 . 3 ,  t h e  b e n d i n g  s t r a i n  e n e r g y  i n  o b l i q u e  
c o o r d i n a t e s  c a n  b e  w r i t t e n  a s :
2 . 4  S t r a i n  E n e r g y  o f  t h e  C o r e :
I n  t h e  s a n d w i c h  c o n s t r u c t i o n  t h e  two f a c i n g s  a r e  b o n d e d  t o  
a  r e l a t i v e l y  t h i c k  c o r e .  Th e m i d d l e  s u r f a c e  o f  t h e  c o r e  i s  t a k e n  a s  
t h e  r e f e r e n c e  s u r f a c e .  Th e e l a s t i c  s h e a r i n g  m o d u l i i  c a n  be  d i f f e r e n t  
i n  t h e  p l a n e  d i r e c t i o n s ,  t h a t  i s  x  a n d  y ,  b u t  c o n s t a n t  t h r o u g h  t h e
Uf b
+  2 ( l - u ) (  . | d x d y
f  dxBy
( 2 . 1 5 )
w h e r e  D 1 2( 1 u 2 ) '*'s  t i^ e f l e x u r a l  r e g i d i t y  o f  t h e  f a c e .  A g a i n ,
Uf b
f
2 ,+  u c o s  (3)
+  [ 4  s i n 2p +  2 ( l - u f ) c o s 2p l  }d 5 d ( 2 . 1 6 )
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c o r e  t h i c k n e s s .  The f o l l o w i n g  a s s u m p t i o n s  a r e  c o n s i d e r e d  t o  be  r e a s o n ­
a b l e  f o r  m o s t  c o r e  m a t e r i a l s :
( 1 )  The c o r e  i s  i n c o m p r e s s i b l e  i n  t h e  t r a n s v e r s e  d i r e c t i o n
e = 0 .  cz
(2 )  The f a c e  - p a r a l l e l  s t i f f n e s s e s  a r e  n e g l i g i b l e  r e l a t i v e
t o  t h e  t r a n s v e r s e  s h e a r  s t i f f n e s s :  a .  =  a  =  T =  0c x  c y  c x y
(3 )  L i n e a r  v a r i a t i o n  o f  d i s p l a c e m e n t s  u ,  v ; t h r o u g h  t h e  
c o r e  t h i c k n e s s :
u  ( x ,  y ,  z ) =  u ( x ,  y)  +  z § ( 2 . 1 7 a )c J c c J c c
v c y 9 z j  = v c ( x » y)  +  z c ( 2 . 1 7 b )
2 . 4 . 1  S t r a i n  D i s p l a c e m e n t  E q u a t i o n s
C o n s i d e r i n g  t h e  a b o v e  a s s u m p t i o n s ,  t h e  t r a n s v e r s e  s h e a r  
s t r a i n  d i s p l a c e m e n t  e q u a t i o n s  a r e :
Y = +  $ ( 2 . 1 8 a )c x z  dx c
y  =  I 2  +  ( 2 . 1 8 b )c y z  By Tc
By s u b s t i t u t i n g  f o r  $c a n d  f r o m  E q s .  2 . 9 ,  t h e  s t r a i n  d i s p l a c e m e n t
e q u a t i o n s  o f  t h e  c o r e  c a n  be e x p r e s s e d  i n  t e r m s  o f  t h e  c h o s e n  d i s p l a c e ­
m e n t  c o m p o n e n t s  u ^ ,  v ^ , a n d  w a s  f o l l o w s :
^ c x z  t  [h +  ( u  - u  ) ]  ( 2 . 1 9 a )
c L Bx 2 1
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Y =  ~~  rv, -SSi +  ^v o “ v i ) 1 ( 2 . 1 9 b )c y z  t  In  2 1
c 9y
fcl  +  t 2w h e r e  h =   r   +  t  i s  t h e  d i s t a n c e  b e t w e e n  t h e  m i d d l e  s u r f a c e s2 c
o f  t h e  f a c e s .
2 . 4 . 2  S t r a i n  E n e r g y  E x p r e s s i o n s
F o l l o w i n g  t h e  a s s u m p t i o n s  s t a t e d  i n  s e c .  2 . 4 ,  t h e  s t r a i n  
e n e r g y  d e n s i t y  w i l l  b e  o n l y  d u e  t o  t h e  t r a n s v e r s e  s h e a r  s t r a i n s  Yc x z
a n d  YCy z * T h u s  t h e  s t r a i n  e n e r g y  d e n s i t y  f o r  t h e  c o r e  i s :
G ^ G «
S = - f -  1 +  - P V  ( 2 .  20)c 2 c x z  2 c y z
w h e r e  G a n d  G a r e  t h e  t r a n s v e r s e  s h e a r  m o d u l i i  o f  t h e  c o r e  i n  th e  xz  yz
x a n d  y d i r e c t i o n s .
T he  s t r a i n  e n e r g y  o f  t h e  c o r e  i s  w r i t t e n  a s :
Uc -  J-/ /  Sc  dV t 2 ' 2 l )
w h e r e  i s  t h e  v o lu m e  o f  t h e  c o r e .  U s i n g  E q s .  2 . 1 9 ,  s u b s t i t u t i n g  f o r  
u c f r o m  Eq.  2 . 2 0  i n t o  Eq.  2 . 2 1 ,  t h e n  i n t e g r a t i n g  o v e r  t h e  t h i c k n e s s  o f  
t h e  c o r e  r e s u l t s  i n  t h e  f o l l o w i n g  e x p r e s s i o n  f o r  t h e  s t r a i n  e n e r g y  o f  
t h e  c o r e  i n  t h e  r e c t a n g u l a r  c o o r d i n a t e  s y s t e m 1.:
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Uc 2^  [  J' K z  »  S  + | U 2 ' Ul ) ] 2  +
G [h  +  ( v 0 -  v  ) ] 2 }d x  d y ( 2 . 2 2 )y z  L By 2 1
Where  r e p r e s e n t s  t h e  s u r f a c e  a r e a  o f  t h e  c o r e .  U s i n g  t h e  r e l a t i o n s  
b e t w e e n  r e c t a n g u l a r  a n d  o b l i q u e  c o o r d i n a t e  s y s t e m s  g i v e n  by E q s .  2 . 1 ,
2 . 2  a n d  2 . 3  a n d  s u b s t i t u t i n g  f o r  dx  dy by c o s  p d?dr i  r e s u l t s  i n  tfae 
f o l l o w i n g  e x p r e s s i o n  f o r  t h e  s t r a i n  e n e r g y  o f  t h e  c o r e  i n  t h e  o b l i q u e  
c o o r d i n a t e  s y s t e m :
] 2 2U =  0------ c o s  B [‘ I” fu .  G +  u 0 G - 2 u . u „ Gc 2 t c F J J L 1 x z  2 xz  1 2 xz
2 2 2 2 2 
, c o s  B G +  v _  c o s  8 G -  2 v . v  c o s  B G 1 F y z  2 F y z  1 2  yz
+  ( ^ 7 ) ^  h 2 (G +  G t a n 2p) +  (7 ^ )  2 . h 2 . G s e c 2p 
B5 x z  yz  p 9r|  yz
+  2 ^ 7  / 9w, h (G s e c  3 t a n  fi) -  2-^ru . h .  G 
3 ?  ( t - ) y z  35 1 xz
3r|
+  2 ^ u ,  h  G " 2 I f  ^  h s i n  P G, + ^  ^ 9h s i n  P GB§ 2 x z  35 1 yz  35  2 yz
- 2  7  v ,  h  G +  2 v  h G }d § d t |  ( 2 .  23)
Sri 1 y z  Bri 2 y z
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2 . 5  P o t e n t i a l  o f  A p p l i e d  L o a d s :
The  w o rk  done  by t h e  e x t e r n a l l y  a p p l i e d  l o a d s  c a n  be s i m p l y  
c a l c u l a t e d  by m u l t i p l y i n g  t h e  i n t e n s i t y  o f  t h e  l o a d  by t h e  d i s p l a c e m e n t  
i n  i t s  d i r e c t i o n  a n d  i n t e g r a t i n g  o v e r  t h e  l i n e  o r  t h e  a r e a  on w h i c h  t h e  
l o a d  a c t s .
2 . 5 . 1  Work Done by Membrane Loads
c o n s i d e r  t h e  g e n e r a l ,  c a s e  o f  membrane l o a d s  a s  shown i n  F i g .  3 
a c t i n g  on t h e  f a c i n g s  o f  a s a n d w i c h  p l a t e  o f  d i m e n s i o n s  A a n d  B. The 
w o r k  done by t h e  e x t e r n a l  l o a d s  c a n  b e  w r i t t e n  a s :
wfm =  j 'BJ A CPp-f^ 5»*n) • U f  (§,Tl) +  P f  ( § ,  n ) . v f ( ? , T l ) } c o s p  d§dr |  
o o ^ '
+  J'B ( A , r ] ) v f  (A.TDdr,  -  J'B N ^ f  ( °  , Tl) v f  (o ,T | )  dr\ 
( 2 .  24)
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2 . 5 . 2  Work Done by L a t e r a l  L o a d s :
The e x t e r n a l  w o r k  d o n e  b y  a p p l i e d  l a t e r a l l y  d i s t r i b u t e d  
l o a d s  ( ^ ,  r|) i s  g i v e n  b y :
Wf b  =  JT q f  ^  wU > ,n) c o s  P d ^ d n  ( 2 . 2 5 )
f1 1
w h e r e  r e p r e s e n t s  t h e  a r e a  o f  t h e  f a c e  up o n  w h i c h  t h e  l o a d s  a c t s .
2 . 6  T o t a l  P o t e n t i a l  E n e r g y :
The  t o t a l  e n e r g y  i s  d e f i n e d  a s :
TTp =  U -  W£ ( 2 .  26)
w h e r e  U i s  t h e  t o t a l  s t r a i n  e n e r g y  o f  t h e  s a n d w i c h  p l a t e  g i v e n  b y :
“  =  £=1 (U£”  +  U £ b ’ +U<:  ‘ 2 ' 27)
By summing E q s .  2 . 1 4  a n d  2 . 1 6  f o r  t h e  two f a c e s  a n d  Eq .  2 . 2 3  f o r  t h e  
c o r e  a  g e n e r a l  e x p r e s s i o n  f o r  t h e  t o t a l  s t r a i n  e n e r g y  i s  a v a i l a b l e .  
A l s o
We = £  (w£m + w f b ) ( 2 . 2 8 )
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S u b s t i t u t i n g  U a n d  i n  Eq.  2 . 2 6 ,  a n  e x p r e s s i o n  f o r  t h e  t o t a l  p o t e n t i a l  
e n e r g y  o f  a  s a n d w i c h  skew p l a t e  i n  t e r m s  o f  t h e  d i s p l a c e m e n t  v a r i a b l e s  
s e l e c t e d  c a n  be  w r i t t e n .
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CHAPTER I I I
DISCRETIZED FORMULATION
The f i n i t e  e l e m e n t  a n a l y s i s  o f  a  s t r u c t u r e  c a n  b e  a c h i e v e d  
by  r e p r e s e n t i n g  t h e  s t r u c t u r a l  s y s t e m  a s  a n  a s s e m b l y  o f  a  f i n i t e  num ber  
o f  i n d i v i d u a l  e l e m e n t s .  The a s s u m e d  modes  a r e  c h o s e n  i n d e p e n d e n t  f o r  
e a c h  e l e m e n t  a n d  t h e  u n d e t e r m i n e d  f u n c t i o n a l  f o r m  i s  r e p r e s e n t e d  by 
t h e  p h y s i c a l  d e g r e e s  o f  f r e e d o m  a t  t h e  c o r n e r s  o f  t h e  e l e m e n t s .  Th e 
e l e m e n t s  a r e  t h e n  c o l l e c t e d  t o g e t h e r  t o  fo r m  t h e  p h y s i c a l  s t r u c t u r e  
by s a t i s f y i n g  t h e  g e o m e t r i c  a d m i s s i b i l i t y  c o n d i t i o n s  b e t w e e n  t h e  e l e m e n t  
t h e s e  c o n d i t i o n s  i n s u r e  t h a t  t h e  d i s p l a c e m e n t s  o f  t h e  d i s c r e t i z e d  s t r u c ­
t u r e  a r e  p h y s i c a l l y  c o m p a t i b l e  w i t h  t h e  o r i g i n a l  s t r u c t u r e .  T h e r e f o r e  
by  a p p l y i n g  t h e  p r o p e r  l i n k i n g  c o n d i t i o n s ,  t h e  f i n i t e  e l e m e n t  m e t h o d  
c a n  be  u s e d  t o  a n a l y z e  s t r u c t u r e s  w i t h  c u t o u t s ,  s t i f f e n i n g  m em bers  a n d  
i r r e g u l a r i t i e s  t h a t  a r e  o f t e n  m e t  i n  p r a c t i c a l  s t r u c t u r e s .  He nce  t h i s  
t e c h n i q u e  o f  f i n i t e  e l e m e n t  s t r u c t u r a l  a n a l y s i s  h a s  c e r t a i n  a d v a n t a g e s  
o v e r  m o s t  o t h e r  e n e r g y  m e t h o d s  s u c h  a s  t h e  R i t z  m e t h o d .  Th e d i f f i c i e n c y  
t h e  t r a d i t i o n a l  m e t h o d s  i s  t h a t  t h e  a s s u m e d  d i s p l a c e m e n t  f u n c t i o n s  m u s t  
be  c h o s e n  t o  r e p r e s e n t  t h e  w h o l e  s t r u c t u r e ;  t h i s  i s  d i f f i c u l t  f o r  s t r u c ­
t u r e s  w i t h  c o m p l i c a t e d  b o u n d a r y  c o n d i t i o n s  a n d  i r r e g u l a r  c o n f i g u r a t i o n s .  
A l s o  t h e  f i n i t e  e l e m e n t  m e t h o d  h a s  c e r t a i n  a d v a n t a g e s  o v e r  some o t h e r  
t e c h n i q u e s  s u c h  a s  f i n i t e  d i f f e r e n c e  m e t h o d .
26
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The f i n i t e  e l e m e n t  m e t h o d  p r e s e n t e d  h e r e i n  i s  b a s e d  on t h e  
p r i n c i p l e  o f  minimum t o t a l  p o t e n t i a l  e n e r g y  w h i c h  c a n  be  s t a t e d  a s :  
o f  a l l  g e o m e t r i c a l l y  a d m i s s i b l e  d i s p l a c e m e n t  s t a t e s  t h a t  w h i c h  m i n i m i z e s  
t h e  t o t a l  p o t e n t i a l  e n e r g y  ( i . e .  Qtt =  0 )  s a t i s f i e s  t h e  e q u i l i b r i u m
c o n d i t i o n s ,  t h e  n a t u r a l  b o u n d a r y  c o n d i t i o n s  a n d  i s  t h e r e f o r e  t h e  t r u e  
d i s p l a c e m e n t  s t a t e .  The a c c u r a c y  o f  t h e  f i n i t e  e l e m e n t  m e t h o d  i s  d i r ­
e c t l y  m e a s u r e d b y  t h e  a b i l i t y  o f  t h e  a s s u m e d  modes  t o  r e p r e s e n t  t h e  
a c t u a l  b e h a v i o r  o f  t h e  s t r u c t u r a l  s y s t e m .  I n  s e l e c t i n g  t h e  a s s u m e d  
d i s p l a c e m e n t  f u n c t i o n s  t h r e e  m a i n  f a c t o r s  m u s t  be t a k e n  i n t o  c o n s i d e r ­
a t i o n  :
( 1 )  The r i g i d  bod y  d i s p l a c e m e n t  s t a t e s :  t h e  s t r a i n  e n e r g y  
s h o u l d  v a n i s h  f o r  a s e t  o f  r i g i d  body  d i s p l a c e m e n t s ,  s i n c e  r i g i d  body  
d i s p l a c e m e n t  i n v o l v e s  no s t r a i n s .
( 2 )  The g e o m e t r i c  a d m i s s i b i l i t y  c o n d i t i o n s :  t h e  a s s u m e d
d i s p l a c e m e n t  s t a t e s  s h o u l d  s a t i s f y  t h e  g e o m e t r i c  a d m i s s i b i l i t y  r e q u i r e ­
m e n t s .  S a t i s f a c t i o n  o f  t h e  d i s p l a c e m e n t  b o u n d a r y  c o n d i t i o n s  i s  r e q u i r e d  
b e c a u s e  t h e  e x a c t  n a t u r e  o f  t h e  e n e r g y  i s  u n d e f i n e d  u n t i l  t h e  b o u n d a r y  
c o n d i t i o n s  a r e  s p e c i f i e d .  However  t h e  s t r e s s  b o u n d a r y  c o n d i t i o n s  do 
n o t  h a v e  t o  be im p o s e d  s i n c e  t h e y  a r e  n a t u r a l  b o u n d a r y  c o n d i t i o n s  w h i c h  
a r e  a u t o m a t i c a l l y  s a t i s f i e d  a t  t h e  t r u e  minimum o f  t h e  p o t e n t i a l  e n e r g y .  
Th e g e o m e t r i c  a d m i s s i b i l i t y  c o n d i t i o n s  i n c l u d e  a l s o  t h e  c o n t i n u i t y  
r e q u i r e m e n t s  on t h e  a s s u m e d  d i s p l a c e m e n t  m o d e s .  From t h e  e x p r e s s i o n s
o f  t h e  t o t a l  p o t e n t i a l  e n e r g y  tt f o r  skew s a n d w i c h  p l a t e s  p r e s e n t e d  i n
P
t h e  p r e v i o u s  c h a p t e r ,  t h e  a s s u m e d  d i s p l a c e m e n t  modes  s h o u l d  s a t i s f y
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t h e  f o l l o w i n g  a d m i s s i b i l i t y  c o n d i t i o n s :
( a )  Th e p h y s i c a l  d i s p l a c e m e n t  b o u n d a r y  c o n d i t i o n s  m u s t  be  
s a t i s f i e d .
( b )  Th e membrane d i s p l a c e m e n t s  u ^ , , u „ ,  v „  and t h e  t r a n s ­
v e r s e  d e f l e c t i o n  w m u s t  b e  c o n t i n u o u s  w i t h i n  t h e  e l e m e n t  a n d  
a l o n g  t h e  common e d g e s  o f  a d j a c e n t  e l e m e n t s .
( c )  The f i r s t  d e r i v a t i v e s  o f  w m u s t  be  c o n t i n u o u s  w i t h i n  t h e  
e l e m e n t ;  a l s o  t h e  f i r s t  d e r i v a t i v e  o f  w ( s l o p e )  n o r m a l  t o  t h e  
e d g e  m u s t  be  c o n t i n u o u s  a l o n g  t h e  common e d g e s  o f  a d j a c e n t  
e l e m e n t s .
E s s e n t i a l l y  t h e  g e o m e t r i c  a d m i s s i b i l i t y  c o n d i t i o n s  i n s u r e  m o n o t o n i c  
c o n v e r g e n c e  o f  t h e  p o t e n t i a l  e n e r g y  a s  l o n g  a s  t h e  s t r u c t u r a l  i d e a l i z ­
a t i o n  i s  n o t  r e d e f i n e d  a s  t h e  s t r u c t u r e  i s  s u b d i v i d e d .  T h i s  c r i t e r i o n  
h o w e v e r  d o e s  n o t  i n s u r e  c o n v e r g e n c e  t o  t h e  e x a c t  s o l u t i o n .  A d e s i r a b l e  
p r o p e r t y  o f  a n y  f i n i t e  e l e m e n t  s o l u t i o n  i s  t h a t  e a c h  s u c c e s s i v e  r e f i n e ­
m e n t  i n  g r i d  s i z e  g u a r a n t e e s  b e t t e r  c o n v e r g e n c e  t o  t h e  t r u e  minimum o f  
t h e  t o t a l  p o t e n t i a l  e n e r g y
( 3 )  ' C o m p l e t e n e s s ' :  What  i s  m e a n t  by c o m p l e t e n e s s  h e r e  i n ­
v o l v e s  g u a r a n t e e i n g  t h a t  t h e  s o l u t i o n  c o n v e r g e s  t o  t h e  t r u e  minimum o f  
t h e  p o t e n t i a l  e n e r g y  i n  t h e  l i m i t  a s  t h e  n um ber  o f  e l e m e n t s  i n c r e a s e s  
t o  i n f i n i t y .  T h i s  f a c t o r  i s  n o t  d e a l t  w i t h  h e r e i n  s i n c e  i t  i s  a  m a t h ­
e m a t i c a l  d e f i n i t i o n  w h i c h  i s  a t  p r e s e n t  a n  a r e a  o f  r e s e a r c h  i t s e l f .
T h e  f o l l o w i n g  s e c t i o n s  d i s c u s s  a  d i s c r i p t i o n  o f  a  f i n i t e  
e l e m e n t  f o r  skew s a n d w i c h  p l a t e s .  Th e a s s u m e d  d i s p l a c e m e n t  f u n c t i o n s  
a r e  p r e s e n t e d  i n  tw o  f o r m s .  I n  t h e  f i r s t  c a s e  t h e  d i s p l a c e m e n t  mod es  
f o r  t h e  membrane d i s p l a c e m e n t s  a r e  f o r m e d  a s  t h e  sum o f  p r o d u c t s  o f  
L a g r a n g e  i n t e r p o l a t i o n  p o l y n o m i a I s  w h i l e  t h e  b e n d i n g  d i s p l a c e m e n t s  a r e
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f o r m e d  a s  t h e  sum o f  p r o d u c t s  o f  o n e - d i m e n s i o n a l  f i r s t  o r d e r  H e r m i t e  
i n t e r p o l a t i o n  p o l y n o m i a l s .  I n  t h e  s e c o n d  c a s e  a l l  t h e  d i s p l a c e m e n t  
modes  ( i . e .  membrane a n d  b e n d i n g )  a r e  f o r m e d  a s  t h e  sum o f  p r o d u c t s  o f  
o n e - d i m e n s i o n a l  f i r s t - o r d e r  H e r m i t e  i n t e r p o l a t i o n  p o l y n o m i a l .  I n  b o t h  
c a s e s  t h e  a s s u m e d  f u n c t i o n s  a r e  c h o s e n  s u c h  t h a t  t h e y  p e r m i t  s a t i s f a c t i o n  
o f  t h e  g e o m e t r i c  a d m i s s i b i l i t y  c o n d i t i o n s  o f  t h e  p r i n c i p l e  o f  minimum 
t o t a l  p o t e n t i a l  e n e r g y .  The d i s c r e t i z e d  s t r a i n  e n e r g y  a n d  t h e  p o t e n t i a l  
o f  t h e  a p p l i e d  l o a d s  a r e  e x p r e s s e d  i n  t e r m s  o f  t h e  i n d e p e n d e n t  d e g r e e s  
o f  f r e e d o m  o f  t h e  s t r u c t u r a l  s y s t e m  a n d  a r e  p r e s e n t e d  f o r  t h e  two a p p ­
r o a c h e s .  E x p r e s s i o n s  f o r  e l e m e n t  s t i f f n e s s  m a t r i c e s  f o r  b o t h  a p p r o a c h e s  
a r e  a l s o  p r e s e n t e d  i n  t e r m s  o f  t h e  g e o m e t r y ,  t h e  s t i f f n e s s e s  a n d  t h e  
u n d e t e r m i n e d  c o e f f i c i e n t s  o f  t h e  skew s a n d w i c h  p l a t e .  By s i m p l y  t a k i n g  
t h e  skew a n g l e  e q u a l  t o  z e r o  t h e  r e c t a n g u l a r  s a n d w i c h  p l a t e  e l e m e n t  i s  
r e a d i l y  o b t a i n e d .  A l s o  by c o n s i d e r i n g  one  f a c e  o f  t h e  s y s t e m  t h e  p r o b l e m  
o f  a  t h i n  p l a t e  o r  membrane ( e i t h e r  r e c t a n g u l a r  o r  skew) c a n  be  s o l v e d .
3 . 1  Skew S a n d w i c h  f l a t e  F i n i t e  E l e m e n t :
The  g e o m e t r y  o f  t h e  f i n i t e  e l e m e n t  i s  d e f i n e d  i n  t e r m s  o f  t h e  
c h o s e n  o b l i q u e  c o o r d i n a t e  s y s t e m  d e s c r i b e d  i n  C h a p t e r  I I .  T he  skew 
s a n d w i c h  p l a t e  e l e m e n t  i s  shown i n  F i g .  4.  T h e  c o o r d i n a t e s  o f  t h e  n o d e s  
o f  e a c h  e l e m e n t  a r e  d e f i n e d  by ( ^  > T| ^ ) w h e r e  i ,  j  =  1 ,  2.
The  d i s p l a c e m e n t  f u n c t i o n s  s e l e c t e d  t o  d e s c r i b e  the  b e h a v i o r  
o f  t h e  skew  s a n d w i c h  p l a t e  a r e  r e p r e s e n t e d  by two d i m e n s i o n a l  i n t e r ­
p o l a t i o n  e x p r e s s i o n s  i n  t e r m s  o f  t h e  two p r e v i o u s  s u g g e s t e d  f u n c t i o n s  
( L a g r a n g e  a n d  H e r m i t e )  i n  t h e  f o l l o w i n g  f o r m s :
( l )  Z e r o  o r d e r  H e r m i t e  o r  L a g r a n g e  i n t e r p o l a t i o n  f u n c t i o n s :
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w h e r e :
( ? )  =  -  ( ? - a ) / a  (n )  =  -  ( -p-b) / b  ( 3 . 3 a )
Ho 2^ =  ? / a  Ho 2^ =  ( 3 . 3 b )
(2 )  F i r s t  o r d e r  H e r m i t e  or  o s c u l l a t o r y  i n t e r p o l a t i o n  f u n c t i o n s :
‘ ( ? . n )  =  J i  h ‘ (> ( n ) ^ i J  +  " u ) ( 5 >
+ h)J> ( § ) h ' j1 ’ („)  +  h^ > ( s ) h ‘ ]> (n)  a 5TU. ]
( 3 . 2 )
W h e r e :
( ? )  =  ( 2 ? 3 -  3 a ? 2 +  a 3 ) / a 3 ( 3 . 4 a )
H^3j ( ? )  -  " ( 2?3 -  3 a ? 2 ) / a 3 ( 3 . 4 b )
( ? )  =  ( ? 3 -  2 a ? 2 +  a 2?) / a 2 ( 3 . 4 c )
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=  ( § 3 -  a ^ 2 ) / a 2 ( 3 . 4 d )
S i m i l a r  e x p r e s s i o n s  f o r  a r e  o b t a i n e d  by r e p l a c i n g
§ by r |  a n d  a by b .
and a . a . a . . and a„ . . a r e  r e l a t e d  to  the  d i s p la c e m e n ts  and i t s  
i j  Tp.j
d e r i v a t i v e s  a t  t h e  n o d e  p o i n t s .  F o r  e x a m p l e  i f  A =  w t h e n :
a. . = w. . = w(? = £. 5 ri =  T\.) ' ( 3 . 5 a )
i j  i j
a . =  w - .  . =  - ^  ( ^ =  5- > T\ =  r j . )  ( 3 . 5 b )
a . .  = W . . =  ( ^  =  §• > T) =  r|.) ( 3 . 5 c )rp . j  Bri - 1 d
A = W_ . . =p- "p  • • ( ?  “  ?• 5 Fi =  t ) . ) ( 3 . 5 d )
&,nij §rfLj S^ dri 1 J
T he  f o l l o w i n g  a r e  some o f  t h e  p r o p e r t i e s  o f  t h e  p r e m e n t i o n e d  p o l y n o m ­
i a l s  t h a t  a r e  e x p l a i n e d  i n  R e f .  14 :  A t  t h e  n o d e  § =
( 5 i )  =  C-v w h e r e  =  [ °  ^  !  ^  ( 3 . 6 )o i  bi k  fei k  l l  i f  1 =  k
F o r  t h e  f i r s t  o r d e r  H e r m i t e  i n t e r p o l a t i o n  p o l y n o m i a l s :
" o i 1 ( 5 k> = h k  dH° i ; ( ' l,) =  0 ( 3 - 7 a >
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I t  i s  t h e s e  p r o p e r t i e s  f o r  t h e  f i r s t  o r d e r  H e r m i t e  i n t e r p o l a t i o n  p o l y ­
n o m i a l s   ^ t h a t  p e r m i t  s a t i s f a c t i o n  o f  t h e  a d m i s s i b i l i t y  c o n d i t i o n s  
f o r  t h e  t r a n s v e r s e  d e f l e c t i o n  a n d  t h e i r  n o r m a l  s l o p e s .  I n  c a s e  o f  t h e  
membrane d i s p l a c e m e n t s  o f  f a c e s  u ^ , i t  a p p e a r s  t h a t  t h e  z e r o  o r d e r  
( L a g r a n g e )  i n t e r p o l a t i o n  p o l y n o m i a l s  a r e  s u f f i c i e n t  t o  s a t i s f y  t h e  
a d m i s s i b i l i t y  c o n d i t i o n s  f o r  t h e  i n t e r e l e m e n t  c o n t i n u i t y  o f  t h e  d i s ­
p l a c e m e n t s  ( u ^ ,  v^  o n l y )  a t  common e d g e s  o f  a d j a c e n t  e l e m e n t s .  On t h e
o t h e r  h a n d  t h e  L a g r a n g e  i n t e r p o l a t i o n  p o l y n o m i a I s ,c a n  n o t  m a i n t a i n
!I
i n t e r e l e m e n t  c o n t i n u i t y  o f  membrane f a c e ’ s t r a i n s .  F o r  t h i s  r e a s o n  a n d  
o t h e r  r e a s o n s  a s  s t a t e d  i n  R e f .  3 5 ,  i t  was  d e c i d e d  t o  p r e s e n t  t h e  p r o b ­
lem o f  skew s a n d w i c h  p l a t e s  c o n s i d e r i n g  t h e  two a p p r o a c h e s  s t a t e d  i n  
s e c t i o n  3 . 1  ( L a g r a n g e  -  H e r m i t e  a n d  H e r m i t e  -  H e r m i t e ) .  I n  t h e  f o l l o w ­
i n g  s e c t i o n s  t h e  L -  H a p p r o a c h  w i l l  be  t a k e n  t o  r e p r e s e n t  t h e  L a g r a n g e  
-  H e r m i t e  a p p r o a c h  a n d  t h e  H -  H a p p r o a c h  t o  r e p r e s e n t  t h e  H e r m i t e  -  
H e r m i t e  a p p r o a c h .
3 . 2  E l e m e n t  D i s p l a c e m e n t  V e c t o r :
U s i n g  t h e  d i s p l a c e m e n t  f u n c t i o n s  d e s c r i b e d  by  E q s .  3 . 1  a n d  3 . 2  
t h e  a s s u m e d  e l e m e n t  d i s p l a c e m e n t  v e c t o r  f o r  e a c h  o f  t h e  two a p p r o a c h e s  
c a n  be  d e s c r i b e d .
3 . 2 . 1  L -  H A p p r o a c h :
U s i n g  t h e  d i s p l a c e m e n t  f u n c t i o n s  ( B i l i n e a r )  d e s c r i b e d  by E q .3 .1
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t o  r e p r e s e n t  t h e  membrane d i s p l a c e m e n t s  ( u ^ j  > U2 » V2  ^ anc* t h e ( B i c u b i c )  
f u n c t i o n s  d e s c r i b e d  by Eq.  3 . 2  t o  r e p r e s e n t  t h e  t r a n s v e r s e  d e f l e c t i o n  
w,  r e s u l t s  i n  a f i n i t e  e l e m e n t  o f  32 d e g r e e s  o f  f r e e d o m  ( 4  f o r  e a c h  o f  
u l> v  , u 2 , a n d  16 f o r  w ) .  Th e d i s p l a c e m e n t  f u n c t i o n  g i v e n  by E q . 3 . 1
c a n  be w r i t t e n  a s :
t ( 0 ) 1T 
1 x 4  4x1
AM =  EH ?  {am} ( 3 . 8 )
w h e r e  {a^}  i s  a v e c t o r  c o n t a i n i n g  t h e  f o u r  u n d e t e r m i n e d  n o d a l  membrane 
d i  s p l a c e m e n t s :
[ am1 =  | > n » a 1 2 , a 2 2 , a 2 1 ]  ( 3 . 9 )
a n d  {H( 0 ) } i s  a v e c t o r  c o n t a i n i n g  t h e  f o u r  p r o d u c t s  o f  t h e  z e r o  o r d e r  
( L a g r a n g e )  i n t e r p o l a t i o n  p o l y n o m i a l s :
[ H( o ) ]  =  [ h ‘ °> ( 5 )  H<°> ( „ ) ,  H<°> ( ? )  H * " 1 Ct,) ;
( S) H( ° * ( r | )  , H(° 4 )  H ^ h - n ) ]  ( 3 . 1 0 )o 2 - o 2 ' oZ o l
I n  t h e  same m a n n e r  t h e  d i s p l a c e m e n t  f u n c t i o n  g i v e n  by Eq.  3 . 2  c a n  be 
w r i  t t e n  a s :
( l )  T
AB = [H j {ab } ( 3 . 1 1 )
1x16 16x1
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where [ a } i s  a v e c t o r  c o n t a i n i n g  the s i x t e e n  undetermined noda l  
B
c o e f f i c i e n t s  a s s o c i a t e d  wi th  th e  d i s p la c e m e n t  a :
fAB^ “  [A1 1 ’ A5 1 l ’ V l *  A§ r | l l ’ A1 2 ’ A5 1 2 ’ An l 2 ’ A5 n l 2 ’ A2 2 !
A^ 2 2 ’ ^ 2 2 ’ A? r i2 2 ’ A2 l ’ A^ 2 l ’ % 2 1 ’ ( 3 . 1 2 )
a n d  { H ^  ] i s  a v e c t o r  c o n t a i n i n g  t h e  s i x t e e n  p r o d u c t s  o f  t h e  one  
d i m e n s i o n a l  f i r s t  o r d e r  H e r m i t e  i n t e r p o l a t i o n  p o l y n o m i a l s :
[H( l ) ] =  [ H * J } (§ )
Hn ) ( ? )  H1 1 } ( ^ )} Hi i ) ( 5 )  H1 1 } (5 )  H! ,2 ) ( r i ) ’ Hi i ) ( ? )
H(iW}>(n\ ’ Hi12^,Hoi^)o 2  " o l
n 1 2 * y  n n  iw ( 3 . 1 3 )
G i v i n g  a t h e  v a l u e s  o f  u , v  , u „  » v  a n d  a t h e  v a l u e  o f  w,  t h e  d i s -  M 1 1 c. Z. B
p l a c e m e n t  f u n c t i o n s  f o r  t h e  s e t  o f  v a r i a b l e s  c a n  be r e p r e s e n t e d  a s :
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Uj_ =  [ H ^  ^
v x =  [H^ °  ^ 1 {v x }
u 2 =  [H( o ) ] { u 2 l
v 2 =  [H ^°  ^ ] {v^}
w =  [H^1  ^ ] {w}
3 . 2 . 2  H -  H A p p r o a c h :
U s i n g  t h e  d i s p l a c e m e n t  f u n c t i o n s  g i v e n  by Eq.  3 . 2  t o  r e p r e s e n t
b o t h  t h e  membrane d i s p l a c e m e n t s  ( u ^» > u 2 > v 2  ^ anc* t ^ e t r a n s v e r s e
d e f l e c t i o n  w r e s u l t s  i n  a f i n i t e  e l e m e n t  o f  80 d e g r e e s  o f  f r e e d o m  (16
f o r  e a c h  o f  u , v  , u „ ,  v  a n d  w) .  L e t  a ( d e s c r i b e d  by E q s .  3 . 1 1 ,1 I JL Z B
3 . 1 2  a n d  3 . 1 3 )  be  a l l o w e d  t o  t a k e  t h e  v a l u e s  u ^ ,  v ^ , u 2> v 2 a n d  w.
The d i s p l a c e m e n t  f u n c t i o n s  f o r  t h e  s e t  o f  v a r i a b l e s  c a n  be  r e p r e s e n t e d  
a s :
=  [HU ) ]  {U l } ( 3 . 1 5 a )
V-l =  [HU ) ] [ v , }  ( 3 . 1 5 b )
u 2 =  [H U ) ]  { u 2 } ( 3 . 1 5 c )
( 3 .  14a ) 
( 3 . 1 4 b )  
( 3 . 1 4 c )  
( 3 . 14d) 
( 3 . 1 4 e )
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v 2 =  [H( l ) ] Cv2 } ( 3 . 15d)
w =  [ H ^ ^ l  [w] ( 3 . 1 5 e )
3 . 3  D i s c r e t i z e d  S t r a i n  E n e r g y :
T he  d i s c r e t i z e d  s t r a i n  e n e r g y  f o r m u l a t i o n s  c a n  be  e x p r e s s e d  i n  
t e r m s  o f  t h e  p l a t e  g e o m e t r y ,  t h e  mem brane a n d  b e n d i n g  s t i f f n e s s e s  o f  t h e  
f a c e s ,  t h e  t r a n s v e r s e  s h e a r  m o d u l i i  o f  t h e  c o r e  a n d  t h e  n o d a l  c o e f f i c i e n t s  
o f  t h e  e l e m e n t  ( 3 2  f o r  t h e  f i r s t  a p p r o a c h  a n d  80 f o r  t h e  s e c o n d ) .
T h i s  i s  o b t a i n e d  by s u b s t i t u t i n g  t h e  d i s p l a c e m e n t  f u n c t i o n s  g i v e n  by 
E q s .  3 . 1 4  a n d  3 . 1 5  i n t o  t h e  s t r a i n  e n e r g y  e x p r e s s i o n s  f o r  the  f a c e s  
( E q s .  2 . 1 4  a n d  2 . 1 6 )  a n d  t h e  c o r e  g i v e n  by E q s .  2 . 2 3 .  I n t e g r a t i n g  t h e s e  
e x p r e s s i o n s  o v e r  t h e  c o r r e s p o n d i n g  a r e a s  a n d  summing t h e  c o n t r i b u t i o n s  
o f  t h e  two f a c e s  a n d  t h e  c o r e  g i v e s :
U =  IL +  U„ +  U ( 3 . 1 6 a )1 2 c
a n d  IJ.. =  U- +  IE,  ( 3 . 1 6 b )1 lm l b
U2 =  U2m + U2b (3 - 16c)
w h e r e  i s  t h e  d i s c r e t i z e d  s t r a i n  e n e r g y  f o r  membrane d i s p l a c e m e n t s
o f  f a c e  1 a n d  U-^ i s  t h e  d i s c r e t i z e d  s t r a i n  e n e r g y  f o r  b e n d i n g  d i s ­
p l a c e m e n t s  o f  f a c e  1 ,  e t c .  Uc i s  t h e  d i s c r e t i z e d  s t r a i n  e n e r g y  f o r
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t h e  c o r e .  The c o n t r i b u t i o n s  t o  t h e  s t r a i n  e n e r g y  U f r o m  t h e  f a c e s  an i
t h e  c o r e  c a n  be  e x p r e s s e d  i n  t h e  f o r m :
U -  |  (X}T IK] {X} ( 3 . 1 7 )
l x n  n xn  n x l
w h e r e  n = 32 f o r  t h e  f i r s t  a p p r o a c h  a n d  n  =  80 f o r  t h e  s e c o n d .  The
v e c t o r  {X} c o n t a i n s  t h e  n o d a l  d e g r e e s  o f  f r e e d o m  ( 3 2  f o r  t h e  f i r s t  
a p p r o a c h  a n d  80 f o r  t h e  s e c o n d )  o f  t h e  e l e m e n t .
[K]  i s  t h e  e l e m e n t  s t i f f n e s s  m a t r i x  r e s u l t i n g  f r o m  t h e  c o n t r i ­
b u t i o n s  o f  t h e  s u b e l e m e n t  s t i f f n e s s  m a t r i c e s  o f  t h e  two f a c e s  a n d  t h e  
c o r e .  The  a b o v e  p r o c e d u r e  w i l l  be  c a r r i e d  o u t  i n  t h e  f o l l o w i n g  s e c t i o n s  
f o r  b o t h  o f  t h e  two p r e v i o u s  a p p r o a c h e s  (L -  H a n d  H - H) o f  a skew 
s a n d w i c h  p l a t e  e l e m e n t .
3 . 3 . 1  L -  H F o r m u l a t i o n s :
S u b s t i t u t i n g  t h e  d i s p l a c e m e n t  f u n c t i o n s  g i v e n  by E q s .  3 . 1 4  
i n t o  t h e  e x p r e s s i o n s  f o r  t h e  s t r a i n  e n e r g y  o f  t h e  f a c e s  a n d  t h e  c o r e  
( E q s .  2 . 1 4 ,  2 . 1 6  a n d  2 . 2 3 )  p r e s e n t e d  i n  t h e  p r e v i o u s  c h a p t e r ,  t h e  d i s ­
c r e t i z e d  s t r a i n  e n e r g y  e x p r e s s i o n s  c a n  be  w r i t t e n  i n  t h e  f o r m  o f  t h e  
i n t e g r a l  o f  p r o d u c t s  o f  t h e  L a g r a n g e  a n d  H e r m i t e  i n t e r p o l a t i o n  f u n c t i o n s  
a n d  t h e  u n d e t e r m i n e d  n o d a l  c o e f f i c i e n t s  o f  t h e  e l e m e n t  ( u ^ ,  v^  a n d  w ) .  
w h e r e :
O f ]
4x1
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4x1
[w]  =  [wn , w^u >  w ^ ,  w1 2 , w ^ 1 2 , W^ 1 2 ’ W?T11 2 ’
16x1
W2 2 ’ W^ 2 2 ’ Wn 2 2 ’ W^ n 2 2 ’ w2 1 ’ W§ 2 1 ’ Wn 2 l ’ W§r|21  ^ ^3 ' 1 8 c ^
By summing t h e s e  e x p r e s s i o n s  f o r  t h e  two f a c e s  a n d  t h e  c o r e  a s  g i v e n  
by  E q s .  3 . 1 6  s u b s t i t u t i n g  i n t o  t h e  fo r m  o f  Eq.  3 . 1 7 ,  t h e  t o t a l  d i s c r e t ­
i z e d  s t r a i n  e n e r g y  c a n  b e  r e p r e s e n t e d  a s :
U =  U +  U +  U =  ^  [ x f  [K]  TX1 ( 3 . 1 9 )
1x 32  3 2x32 32x1
[v f l l ’ Vf 1 2 ’ Vf 2 2 ’ Vf 21^ ( 3 . 18b)
As s t a t e d  b e f o r e  t h e  v e c t o r  {X} c o n t a i n s  t h e  t h i r t y  two u n d e t e r m i n e d
n o d a l  c o e f f i c i e n t s  o f  t h e  e l e m e n t  a n d  c a n  be  w r i t t e n  i n  t h e  f o l l o w i n g
f o r m :  f  [u  }






( 4 x 1 )
[ v 2]
( 4 x 1 )
{w}
(1 6 x 1 )
( 3 . 2 0 )
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Th e v e c t o r s  [ a ] ,  ( a = u ^ ,  , u ^ j  v 2 ) c o n t a i n s  t h e  f o u r  n o d a l  d i s ­
p l a c e m e n t s  a a n d  {w} c o n t a i n s  t h e  16 n o d a l  c o e f f i c i e n t s  a s s o c i a t e d  
w i t h  w. F o r  e x a m p l e  i n  t h i s  a p p r o a c h  [ u ^ } i s  e x p r e s s e d  a s :
[ ^ 1  — ^ m ’ U1 1 2 ’ U1 2 2 ’ u 1 21 ( 3 . 2 l )
a n d
[ w ]  =  rwn , w ? 1 1 , w ^n , w ^ n , w1 2 , w ^1 2 , Wr)12, w ^ 12 j
W§ 2 2 ’ Wn 2 2 ’ W? n 2 2 ’ W2 1 ’ W? 2 1 ’ Wr | 2 l ’ W?ri21^ ( 3 . 2 2 )
T he  e l e m e n t  s t i f f n e s s  m a t r i x  [K]  i s  a s y m m e t r i c  m a t r i x  a n d  c a n  be  p a r t i ­
t i o n e d  i n  t h e  f o l l o w i n g  fo r m :




( u . u . V
! :
( 4 x 4 ]  I
( u . v , ) 1 lU jU 2 ) .
(4 x 4 )
J [ o ]
( 4 x 4 )[ K l 1 1 i ^
 4 4 4 ----- 4— -
I [ K ] l V l  ! r o ]  i f c h V
I ( 4 x 4 )  ' ( 4 x 4 )  1(4x4)
 h _
i 4 2u )j 
I [K ]  I
u 4 ,
, 4 2
( 4 x 4 )  ■ ( 4 x 4 )'----4--=--—I-
» V V I
V2V? 
; m  2
I ( 4 x 4 )
(u  w) 
TK-]
( 4 x 1 6 )
( v  w )
[K]
( 4 x 1 6 )  
(u  w)
P O  2
( 4 x 1 6 )
(v-w)  
TK] 1 
(4 x 1 6 )
-4
i
( s y m m e t r i c )
( ww)  
[K]
(1 6 x 1 6 )
( 3 . 2 3 )
Where  a l l  t h e  s u b m a t r i c e s  h a v e  t h e  d i m e n s i o n s  a s  i n d i c a t e d  i n  t h e  a b o v e  
e l e m e n t  s t i f f n e s s  m a t r i x .  Th e e l e m e n t s  o f  t h e  s u b m s t r i c e s  c a n  be  w r i t t e n  
i n  a n  I n t e g r a l  f o r m ;  f o r  e x a m p l e :
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9 b a
[ r ( ww) o =  ^  J J  +  ( s i n 2j3 +  u f  c oS 2b ) .
3 oo ^ 
c o s  (3
f „ ( l )  „ ( 1 ) T  ( l )  ( l ) T .  (1 )  ( 1 )T . ( 1 )
\.H_„ H +  H H__ ) +  H H +  2 s i n  B (H_,_
59 rm  TTn 9? rm  rm  H 55
h ( 1 ) T  ( 1)  ( 1 ) T  ( 1)  ( 1 ) T  ( 1 )  ( 1 ) T ) . 2
H +  H_ H _ +  H H +  H H I +  T4 S i n  R
5 ii ?*n 55 *n*n 5ri ^  ^  H
2
+ 2 ( 1 -  u f ) c o s 2 p ]  H^ T 3 d ? d 11 +  ~  c o s
I  +  G t a n 2 p) +  H( l V X' T' (G s e c Z p)O O § 5 xz  yz  F n  T| yz  F
2
+ (H<l J  HU ) T +  H( l )  t 4 X)T) ( G Sec  p t a n  p ) l  d ^ d T\
5 ii il 5 yz H F b
( 3 . 2 4 )
N o t e  t h a t  t h e  s u b s c r i p t s  o f  d e n o t e  p a r t i a l  d e r i v a t i v e s  o f  t h e
e l e m e n t s  o f  a s  m e n t i o n e d  b e f o r e .
E f t f
=  r ~  r e p r e s e n t s  t h e  membrane s t i f f n e s s  o f  t h e  f a c e s
( l - u  )
f  w h e r e  f  =  1 ,  2.
E f 3
D _  f  f  r e p r e s e n t s  t h e  f l e x t u r a l  s t i f f n e s s  o f  t h e  f a c e s  
^ 1 2 ( l - u 2 ) w h e r e  f  =  1 ,  2.
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G , G a r e  t h e  t r a n s v e r s e  s h e a r  m o d u l i i  i n  t h e  Z a n d  n  d i r e c t i o n s ,  xz  yz  J 1
h =  ( t 1 + t „ ) / 2  +  t1 2  c
From t h e s e  e x p r e s s i o n s  i t  c a n  be  s e e n  t h a t  t h e  s u b m a t r i c e s  on t h e  
d i a g o n a l  a r e  s y m m e t r i c  a n d  c o n t a i n  c o n t r i b u t i o n s  t h a t  do n o t  involve  
c o u p l i n g  b e t w e e n  t h e  v a r i o u s  d i s p l a c e m e n t  c o m p o n e n t s .  The o f f - d i a g o n a l  
s u b m a t r i c e s  g e n e r a l l y  a r e  n o t  s y m m e t r i c  and- c o n t a i n  t h e  c o n t r i b u t i o n s  
f o r  t h e  c o u p l i n g  t e r m s  i n  t h e  s t r a i n  e n e r g y .  F o r m u l a s  f o r  a l l  t h e  e l e m ­
e n t s  o f  t h e  s t i f f n e s s  m a t r i x  i n  i n t e g e r  f o r m  i s  g i v e n  i n  A p p e n d i x  B.
3 . 3 . 2  H -  H F o r m u l a t i o n s :
I n  a  s i m i l a r  m a n n e r  s u b s t i t u t i n g  t h e  d i s p l a c e m e n t  f u n c t i o n s
g i v e n  by E q s .  3 . 1 5  i n t o  t h e  s t r a i n  e n e r g y  e x p r e s s i o n s  o f  t h e  f a c e s  a n d
c o r e  ( E q s .  2 . 1 4 ,  2 . 1 6  a n d  2 . 2 3 ) ,  t h e  d i s c r e t i z e d  s t r a i n  e n e r g y  e x p r e ­
s s i o n s  c a n  be  w r i t t e n  i n  a n  i n t e g r a l  f o r m  i n  t e r m s  o f  t h e  f i r s t  o r d e r  
H e r m i t e  i n t e r p o l a t i o n  f u n c t i o n s  a n d  t h e  u n d e t e r m i n e d  n o d a l  c o e f f i c i e n t s  
of  t h e  e l e m e n t .  Summing t h e s e  e x p r e s s i o n s  f o r  t h e  two f a c e s  a n d  t h e  
c o r e ,  p u t t i n g  i t  i n  t h e  f o r m  o f  Eq .  3 . 1 7 a s :
U =  U +  U +  U =  \  [X1T[K1 TX] 1 3 . 2 5 )
1x80 80x80 80x1
The  v e c t o r  [X] c o n t a i n s  t h e  e i g h t y  u n d e t e r m i n e d  n o d a l  c o e f f i c i e n t s  o f  
t h e  e l e m e n t  a n d  c a n  be p a r t i t i o n e d  a s :
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{X} =  
80x1
( 3 . 2 6 )
Th e v e c t o r  {&]» ( a = u ^ ,  , u ^ ,  a n d  w) c o n t a i n s  t h e  s i x t e e n  n o d a l
d i s p l a c e m e n t s  a s s o c i a t e d  w i t h  e a c h  o f  t h e  a ' s ,  f o r  e x a m p l e  
e x p r e s s e d  a s  :
f u i l  -  r u n l 5  u m i > u i ' r-|i i  ’ u l F r i l l 5 U1 1 2 ’ UU 1 2 ’ Ul r i l 2 ’
u 15n l 2 ’ U1 2 2 ’ u l § 2 2 ’ Ul r | 2 2 ’ Ul § r | 2 2 ’ U1 2 1 ’ U1 § 2 1 ’
u l n 2 1  ’ u l^ r i 21^ ( 3 . 2 7 )
S i m i l a r  e x p r e s s i o n s  c a n  be w r i t t e n  f o r  [ v ^ l ,  a n d  { v ^ ) ,  a n d  {w)
i s  e x a c t l y  a s  g i v e n  by Eq.  3 . 2 2 .  Th e e l e m e n t  s t i f f n e s s  m a t r i x  l~K] 
i n  t h i s  c a s e  i s  a n  (80 x 80)  s y m m e t r i c  m a t r i x  a n d  c a n  be  p a r t i t i o n e d  i n  
t h e  f o l l o w i n g  f o r m :




r ^ i u i } ! n c ' V i 1 ! r f d i V
I
- I -  ’
I
( symmetric)
(v  v  )!
t k ] 1 1 S [0 ]
4 -
(u  u ) 
f K] 2 2
[0 1 r 4 i u )
( v  V ) | ( v  w )
[ K ] 1 2 | TK]1
I
- 4 -
( u , v j  
Tk I  z
( u 2w)
( V  V )
[ K ] 2
fK]




( 3 . 2 8 )
w h e r e  a l l  t h e  s u b m a t r i c e s  a r e  16 x 16 d i m e n s i o n a l  a r r a y s .  The 
e l e m e n t s  o f  t h e  s u b m a t r i c e s  c a n  b e v ^ r i t t e n  i n  a n  i n t e g r a l  fo r m  by t a k i n g  
t h e  c o n t r i b u t i o n s  o f  t h e  d i f f e r e n t  s t r a i n  e n e r g y  e x p r e s s i o n s ;  f o r  e x a m ­
p l e  :
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B^ c o s
o o
s e c  (3 t a n  (3 + ( l  -  u^ )  s e c  (3 t a n  p ] 1  d ^ d t]
+ It c ( 3 . 2 9 )oo
a n d  K. . i s  e x a c t l y  t h e  same e x p r e s s i o n  a s  E q . 3 . 2 4 .  Br , Dr , G ,
G a n d  h a r e  t h e  same a s  d e f i n e d  i n  t h e  L -  H a p p r o a c h  a n d  f  =  1 ,  2. 
yz
T he  e l e m e n t s  o f  t h e  s u b m a t r i c e s  p r e s e n t e d  i n  t h e  two a p p r o a c h e s  c a n  be 
w r i t t e n  a g a i n  a f t e r  i n t e g r a t i o n  i n  t e r m s  o f  i n t e g e r s  r e p r e s e n t i n g  t h e  
d i f f e r e n t  c o m b i n a t i o n s  o f  L a g r a n g e  a n d  H e r m i t e  i n t e r p o l a t i o n  p o l y n o m i a l s  
a s  g i v e n  i n  A p p e n d i x  B.
3 . 4  D i s c r e t i z e d  Work Done :
The a p p l i e d  l e a d s  o f  t h e  d i s c r e t i z e d  s t r u c t u r e  a r e  c a l c u l a t e d  
a s  w ork  e q u i v a l e n t  l o a d s .  S u b s t i t u t i n g  t h e  a s s u m e d  d i s p l a c e m e n t  p a t t e r n s  
i n  t h e  two a p p r o a c h e s  m e n t i o n e d  b e f o r e  i n t o  t h e  e x t e r n a l  w o rk  e x p r e s s i o n s  
f o r  t h e  f a c e s  ( E q s .  2 . 2 4  a n d  2 . 2 5 ) ,  t h e  w o rk  done  by l o a d s  a p p l i e d  t o  
t h e  f a c e s  c a n  b e  d e s c r i b e d .  F o r  e x a m p l e  t a k i n g  a p a r t i c u l a r  s y s t e m  o f  
l o a d s  a s  shown i n  F i g .  5 ,  e x p r e s s i o n s  2 . 2 4  a n d  2 . 2 5  l e a d s  t o :
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Wlm =  " f  V Vl ( § , o )  d ? + f  q 3V! ( ? ’b)  d 5
o o
b b
J* q 2. u 1( o , r | )  d n  +  J  • u ^ a . n )  d T| ( 3 . 3 0 a )
o o
W2m =  " f  V 2 ( ? , o )  d ? +  f  q 7 * v 2 ( § , b )  d §
o o
b b 
J q 6u 2( ° > r l) d 'n +  J* q 8u 2 ( a , rj) d ri ( 3 . 3 0 b )
°  o
Wb =  q ‘ W ( F , r ^* c o s  P d § d t] ( 3 . 3 0 c )
o o
w h e r e :  q ^ ,  q ^  a r e  u n i f o r m  membrane l o a d s  a c t i n g  a l o n g  t h e
b o u n d a r i e s  o f  a f i n i t e  e l e m e n t  o f  f a c e  1. q , q ,  , q ^ } q Q a r e  u n i f o r mJ u / o
membrane l o a d s  a c t i n g  a l o n g  t h e  b o u n d a r i e s  o f  a f i n i t e  e l e m e n t  o f  f a c e  2, 
q i s  t h e  sum o f  t h e  l a t e r a l  u n i f o r m l y  d i s t r i b u t e d  l o a d s  o v e r  f a c e s  
o n e  a n d  tw o .  Th e w ork  done  by a l l  t h e  l o a d s  i s :
W =  Vf =  W, +  W„ +  Vf, ( 3 . 3 1 )f = l  f  lm 2m b
T h i s  l a s t  e x p r e s s i o n  (Eq.  3 . 3 l )  c a n  be  c o n v e n i e n t l y  e x p r e s s e d  a£s:
W =  [ p f  {Xl ( 3 . 3 2 )
l x n  n x l
(n  =  32 f o r  L -  H a p p r o a c h  a n d  80 f o r  H -  H a p p r o a c h )
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w h e r e  {P} i s  a  v e c t o r  c o n t a i n i n g  t h e  w o rk  e q u i v a l e n t  l o a d s  ( 3 2  f o r  L -  
H a p p r o a c h  a n d  80 f o r  H -  H a p p r o a c h )  a s s o c i a t e d  w i t h  e a c h  o f  t h e  u n d e ­
t e r m i n e d  n o d a l  c o e f f i c i e n t s  i n  t h e  v e c t o r  {x}.
3 . 4  .  Work E q u i v a l e n t  L o ad s  i n  C a s e  o f  L -  H A p p r o a c h :
S u b s t i t u t i n g  t h e  membrane d i s p l a c e m e n t  f u n c t i o n s  u ^ , v^
( E q s .  3 . 1 4 a ,  b) f o r  t h e  two f a c e s  i n t o  E q s .  3 . 3 0  a ,  b a n d  t h e  t r a n s ­
v e r s e  d i s p l a c e m e n t  w (Eq.  3 . 1 4 c )  i n t o  Eq.  3 . 3 0 c ,  a n d  p e r f o r m i n g  t h e  
i n d i c a t e d  i n t e g r a t i o n s ,  t h e  w o r k  e q u i v a l e n t  l o a d  v e c t o r  c a n  be  p a r t i ­
t i o n e d  a s  :
M  = [ pu l  ; Pv l  1 pu 2  j P7 2  ; V  ' <3 ' 33>
X 1x4 1x4 1 1x4 1x4 1x16
The v e c t o r  {P , ( a  =  u ^ , v ^ , u ^ 5 w) c o n t a i n s  t h e  t h i r t y  two
equivalent loads a s s o c i a t e d  w i t h  e a c h  o f  t h e  t h i r t y  two u n d e t e r m i n e d  n o d a l
C o e f f i c i e n t s  i n  t h e  v e c t o r  [ X l g i v e n  by  Eq.  3 . 2 0 .  F o r  e x a m p l e  i-s
e x p r e s s e d  a s :
^ u l 1 =  C -q 2 . b / 2 ,  - q  . b / 2 ,  q . . b / 2 ,  q . . b / 2 ]  ( 3 . 3 4 a )
1x4
a n d
=  [ q a b / 4 ,  qa  b / 2 4 ,  q a b  / 2 4 ,  q a 2b 2/ l 4 4 ,  q a b / 4 ,  q a ^ b / 2 4 ,
1x16
- q a b 2 / 2 4  -  q a 2b 2 / 1 4 4 ,  q a b / 4 ,  - q a 2b / 2 4 ,  - q a b 2/ 2 4 ,  q a 2b 2/ 1 4 4 ,
c o n t .
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q a b / 4 ,  - q a 2b / 2 4 ,  q a b ^ / 2 4 ,  -q a  2b 2 / 1 4 4 ] .  c o s  p ( 3 . 3 4 b )
3 . 4 . 2  Work E q u i v a l e n t  L oads  i n  C a s e  o f  H -  H A p p r o a c h :
I n  t h e  same m a n n e r  s u b s t i t u t i n g  t h e  d i s p l a c e m e n t  f u n c t i o n s  u ^ , 
v  ( E q s .  3 . 1 5 a ,  b) f o r  t h e  two f a c e s  i n t o  E q s .  3 . 3 0 a ,  b a n d  t h e  t r a n s ­
v e r s e  d i s p l a c e m e n t  w (Eq.  3 . 1 5 c )  i n t o  Eq.  3 . 3 0 c  a n d  i n t e g r a t i n g  o v e r  
t h e  i n d i c a t e d  l i m i t s ,  t h e  w o r k  e q u i v a l e n t  l o a d  v e c t o r  c a n  b e  p a r t i ­
t i o n e d  a s :
[ p ]  =  rp  , '< P - ,  ! P 0 ! P -  *» P 1 ( 3 . 3 5 )
IvftO ' u l  • v l  I u2  i v2  i w “
1x16 1x16 1x16 1x16 1x16
The v e c t o r  {pA} > ( A =  , v ^ ,  u ^ ,  v ^ ,  w) c o n t a i n s  t h e  e i g h t y  e q u i v ­
a l e n t  l o a d s  (16  f o r  e a c h )  a s s o c i a t e d  w i t h  e a c h  o f  t h e  e i g h t y  u n d e t e r m i n e d  
n o d a l  c o e f f i c i e n t s  i n  t h e  v e c t o r  {Xl g i v e n  by Eq.  3 . 2 6 .  F o r  e x a m p l e
f p  i i s  e x p r e s s e d  a s :  
u l  -
[ pu l ] =  [ -cl 2 b / 2 ’ ° ’ ~^2h2 / 12,  ° ’ "q 2b/ /2 ,  ° ’ q 2b 2 / / 1 2 ’ ° ’
1x16
q ^ b / 2 ,  o ,  - q ^ b 2 / 1 2 ,  o ,  q ^ b / 2 ,  o ,  q ^ b 2 / 1 2 ,  o ]
( 3 . 3 6 )
The  v e c t o r  fP } i s  e x a c t l y  t h e  same a s  Eq.  3 . 34b.  w
The f o r m u l a t i o n  p r e s e n t e d  i n  t h i s  w o r k  d e p e n d s  m a i n l y  on t h e  
p r i n c i p l e  o f  minimum t o t a l  p o t e n t i a l  e n e r g y .  The d i s c r e t i z e d  p o t e n ­
t i a l  e n e r g y  o f  t h e  K.t b  s a n d w i c h  p l a t e  e l e m e n t  i s  r e p r e s e n t e d  b y :
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w h e r e  and W ^  a r e  t h e  d i s c r e t i z e d  s t r a i n  e n e r g y  and w o rk  done
g i v e n  by E q s .  3 . 1 9 ,  3 . 2 5 ,  3 . 3 1  f o r  e a c h  o f  t h e  two m e n t i o n e d  a p p r o a c h e s  
T h e  t o t a l  p o t e n t i a l  e n e r g y  f o r  t h e  w h o l e  s y s t e m  i s  a p p r o x i m a t e d  b y :
TT =  E TT ( k )  =  \  [X}T [K1 {X} -  { x f  {P} ( 3 . 3 8 )p k=1 p 2 1 i . e .
w h e r e :  N i s  t h e  n um ber  o f  e l e m e n t s  u s e d  t o  m o d e l  t h e  o r i g i n a l  p l a t e .
{Xt r e p r e s e n t s  a  v e c t o r  c o n t a i n s  t h e  n  i n d e p e n d e n t  n o d a l  d e g r e e  
o f  f r e e d o m  f o r  t h e  a s s e m b e l e d  f i n i t e  e l e m e n t  p l a t e .
{x}T =  [ x l , x 2 , x 3 . . . ,  x  , . . . , x  }
TK] i s  t h e  m a s t e r  s t i f f n e s s  m a t r i x  c o r r e s p o n d s  t o  t h e s e  n 
u n d e t e r m i n e d  d i s p l a c e m e n t s .
[ P ]  i s  a  v e c t o r  o f  w o r k  e q u i v a l e n t  l o a d s  f o r  t h e  s a n d w i c h  
p l a t e  e l e m e n t .
By t h e  u s e  o f  t h e  p r i n c i p l e  o f  minimum t o t a l  p o t e n t i a l  e n e r g y ,  t h e
d i s p l a c e m e n t  s t a t e  [X] s h o u l d  be  c h o s e n  so  a s  t o  a c h i e v e  minimum




j i  — l j  2 ,  . . . . , n  ( 3 . 3 9 )
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T h i s  e q u a t i o n  y i e l d s  t h e  g o v e r n i n g  m a t r i x  e q u a t i o n  f o r  s t a t i c  f o r m u l a ­
t i o n  a s :
{ P ]  =  [ T ]  . {Xl ( 3 . 4 0 )
The c h o i c e  o f  i s  g o v e r n e d  by t h e  g e o m e t r i c  a d m i s s i b i l i t y  c o n d i t i o n s ;  
t h e  t e c h n i q u e  o f  s e l e c t i n g  t h e  [X] v e c t o r  w i l l  be d i s c u s s e d  i n  t h e  n e x t  
c h a p t e r .
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CHAPTER IV 
IMPLEMENTATION AND NUMERICAL 
EVALUATION
Th e p r e s e n t  c h a p t e r  i s  c o n c e r n e d  w i t h  two m a i n  p a r t s .  The 
f i r s t  s e c t i o n  i s  d e v o t e d  t o  t h e  v a r i o u s  a s p e c t s  o f  t h e  i m p l e m e n t a t i o n  
o f  t h e  f i n i t e  e l e m e n t  a n a l y s i s  c a p a b i l i t y  t o  skew s a n d w i c h  p l a t e  p r o ­
b l e m s .  I n  t h e  two p r e v i o u s  c h a p t e r s  g e n e r a l  f o r m u l a t i o n s  a n d  d i s c r e t i z e d  
p o t e n t i a l  e n e r g y  e x p r e s s i o n s  w e r e  d e v e l o p e d  f o r  a  g e n e r a l  skew s a n d w i c h  
p l a t e .  The d i s p l a c e m e n t  c o m p o n e n t s  o f  t h e  f i n i t e  e l e m e n t  w e r e  e x p r e s s e d  
a s  t h e  sum o f  p r o d u c t s  o f  L a g r a n g e  a n d  H e r m i t e  i n t e r p o l a t i o n  p o l y n o m i a l s  
a n d  u n d e t e r m i n e d  n o d a l  c o e f f i c i e n t s  o f  t h e  e l e m e n t .  I n  a n  a s s e m b l e d  
s t r u c t u r e  m o d e l e d  by a  num ber  o f  f i n i t e  e l e m e n t s ,  t h e  s e l e c t i o n  o f  a 
s e t  o f  i n d e p e n d e n t  n o d a l  d e g r e e s  o f  f r e e d o m  s a t i s f y i n g  t h e  a d m i s s i b i l i t y  
c o n d i t i o n s  o f  t h e  i d e a l i z e d  s t r u c t u r e  i s  o f  g r e a t  i m p o r t a n c e .  E x a m p l e s  
a r e  p r e s e n t e d  i n  t h i s  c h a p t e r  t o  i l l u s t r a t e  t h e  t e c h n i q u e  u s e d  t o  s e l e c t  
t h e  i n d e p e n d e n t  d e g r e e s  o f  f r e e d o m  f o r  skew s a n d w ic h  p l a t e  p r o b l e m s  
s o  a s  t o  s a t i s f y  t h e  a d m i s s i b i l i t y  c o n d i t i o n s .  The p r o b l e m  i s  f o r m u l a t e d  
i n  t e r m s  o f  t h e  membrane d i s p l a c e m e n t s  u ^ , v^  a n d  t h e  t r a n s v e r s e  d i s ­
p l a c e m e n t  w. A f t e r  d e c i d i n g  w h a t  t h e  i n d e p e n d e n t  d e g r e e s  -  o f  -  f r e e d o m  
a r e  fo r a  p a r t i c u l a r  s t r u c t u r e  i d e a l i z e d  a s  a n  a s s e m b l a g e  o f  d i s c r e t e  
e l e m e n t s ,  t h e  m e t h o d  o f  f o r m i n g  a  v a r i a b l e  c o r r e l a t i o n  t a b l e  i n  t e r m s  
o f  t h e  c h o s e n  d e g r e e s  -  o f  -  f r e e d o m  f o r  such a p r o b l e m  a r e  d i s c u s s e d .
The s e c o n d  p a r t  o f  t h i s  c h a p t e r  i n c l u d e s  s e v e r a l  n u m e r i c a l  e x a m p l e s  on
51
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p l a t e s  s p e c i f i c a l l y  skew s a n d w i c h  p l a t e s .  C o m p a r i s o n  o f  r e s u l t s  a r e  made 
w h e n e v e r  i t  i s  p o s s i b l e  w i t h  e x i s t i n g  s o l u t i o n s .
4 . 1  IMPLEMENTATION:
I n d e p e n d e n t  d e g r e e s  o f  f r eedom '-
F o r  a r e a l  s t r u c t u r e  r e p r e s e n t e d  by a n  a s s e m b l a g e  o f  f i n i t e  
e l e m e n t s ,  n u m e r i c a l  s o l u t i o n s  a r e  g e n e r a t e d  by t h e  u s e  o f  t h e  t h e o r e m  
o f  minimum t o t a l  d i s c r e t i z e d  p o t e n t i a l  e n e r g y .  As m e n t i o n e d  b e f o r e  
t h i s  r e q u i r e s  t h a t  t h e  d i s p l a c e m e n t  p a t t e r n s  o f  a  d i s c r e t i z e d  s t r u c t u r e  
m u s t  be r e p r e s e n t e d  by a  s e t  o f  i n d e p e n d e n t  n o d a l  d e g r e e s  o f  f r e e d o m .
T h i s  s e t  o f  i n d e p e n d e n t  d e g r e e s  o f  f r e e d o m  i s  o b t a i n e d  b y  l i n k i n g  t h e ,  
d e g r e e s  o f  f r e e d o m  o f  a l l  t h e  e l e m e n t s  n o t i n g  t h a t  t h e  t o t a l  n u m b er  o f  
d e g r e e s  -  o f  -  f r e e d o m  c a n  be  r e d u c e d  by i m p o s i n g  v a r i o u s  a d d i t i o n a l  
c o n d i t i o n s  d e p e n d i n g  u p o n  t h e  e x p e c t e d  b e h a v i o r  o f  t h e  s t r u c t u r e .  F o r  
e x a m p l e  t h e  d i s p l a c e m e n t  p a t t e r n s  a s  e x p r e s s e d  f o r  t h e  L -  H a p p r o a c h  
by  E q s .  3 . 1 4 ,  i t  c a n  be  s e e n  t h a t  a t  e a c h  n o d e  t h e r e  i s  o n e  d e g r e e  -  o f  -  
f r e e d o m  a s s o c i a t e d  w i t h  e a c h  o f  t h e  d i s p l a c e m e n t s  u ^ ,  v ^ , v ^  a n d  
f o u r  f o r  w; t h i s  m akes  a  t o t a l  o f  8 d e g r e e s  -  o f  - f r e e d o m  f o r  e a c h  
c o r n e r .  T h e r e f o r e  a t  e a c h  n o d e  o f  a n  a s s e m b l a g e  o f  f i n i t e  e l e m e n t s ,  
t h e r e  a r e  8 M p o s s i b l e  d e g r e e s  o f  f r e e d o m  w h e r e  M i s  t h e  n u m b e r  o f  
e l e m e n t s  j o i n i n g  t h e  n o d e .  I n  c a s e  o f  t h e  H -  H ' a p p r o a c h ,  a l l  t h e  d i s ­
p l a c e m e n t  v a r i a b l e s  ( u ^ ,  v ^ , u ^ j  v ^  a n d  w) a r e  e x p r e s s e d  i n  t e r m s  o f  
t h e  f i r s t  o r d e r  H e r m i t e  i n t e r p o l a t i o n  p o l y n o m i a l s  a s  g i v e n  by E q s .  3 . 2 .
I t  c a n  be  s e e n  f r o m  E q s .  3 . 2  t h a t  a t  e a c h  n o d e  t h e r e  a r e  4 d e g r e e s  -  o f  - 
f r e e d o m  a s s o c i a t e d  w i t h  e a c h  o f  t h e  d i s p l a c e m e n t s  u ^ ,  v ^ , u ^ j  a n d  V£
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a n d  f o u r  f o r  w; t h i s  m ak es  a t o t a l  o f  20 d e g r e e s  -  o f  -  f r e e d o m  f o r  
e a c h  c o r n e r .  T h e r e f o r e  a t  e a c h  n o d e  o f  a n  a s s e m b l a g e  o f  f i n i t e  e l e m e n t s ,  
t h e r e  a r e  20M p o s s i b l e  d e g r e e s  o f  f r e e d o m  w h e r e  M i s  t h e  nu mber  o f  
e l e m e n t s  j o i n i n g  t h e  n o d e .  OF c o u r s e  n o t  a l l  o f  t h e s e  d e g r e e s  -  o f  - 
f r e e d o m  a r e  i n d e p e n d e n t ;  t h i s  num ber  i s  r e d u c e d  c o n s i d e r a b l y  by i n v o k i n g  
t h e  g e o m e t r i c  a d m i s s i b i l i t y  c o n d i t i o n s ,  b o u n d a r y  c o n d i t i o n s ,  s y m m e t ry  
c o n d i t i o n s  a n d  a d d i t i o n a l  c o n d i t i o n s .
4. Id  G e o m e t r i c  A d m i s s i b i l i t y :
T h i s  s e c t i o n  d i s c u s s e s  t h e  s e l e c t i o n  o f  a s e t  o f  i n d e p e n d e n t  
d e g r e e s  -  o f  -  f r e e d o m  so  a s  t o  s a t i s f y  g e o m e t r i c  a d m i s s i b i l i t y  a t  t h e  
common e d g e s  o f  a d j a c e n t  e l e m e n t s  f o r  t h e  ; c a s e  o f  skew s a n d w i c h  p l a t e s .
As a n  ex a m p l e  c o n s i d e r  t h e  g r o u p  o f  f o u r  a d j a c e n t  skew s a n d w i c h  e l e m e n t s  
shown i n  F i g .  6 .  The g e o m e t r i c  a d m i s s i b i l i t y  c o n d i t i o n s  on t h e  common 
e d g e  b e t w e e n  e l e m e n t s  I  a n d  I I  a r e  r e p r e s e n t e d  b y :
u j  ( ? X =  s ,  n1 =  b)  =  u * 1 ^ 11^ ,  nn = 0 )  ( 4 . 1 a )
vj- ( ? X= - § ,  T]1 =  b)  =  V f 1 ^ 11 =  ? ,  Tj11 =  0 )  ( 4 . 1 b )
1 I c 1 a 1 11 (e11 <? 11 ^  / /w ( §  =  §» r|  =  b)  =  w ( §  =  § ,  r| = 0 )  ( 4 . 2 )
a n d
d w i =,1 I  . \ ^w / ,=11 _ I I  ,= \ f , \(?  =  § , n  =  *n = ° )  ( 4. 3 )
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w h e r e  t h e  s u b s c r i p t s  I  a n d  I I  i n d i c a t e s  t h e  d i s p l a c e m e n t  v a r i a b l e s  
a s s o c i a t e d  w i t h  t h e  c o r r e s p o n d i n g  e l e m e n t s  a n d  f  =  1 ,  2 c o r r e s p o n d s  
t o  f a c e s  o n e  a n d  two a n d  t h e  c o o r d i n a t e s  5^ > 'H* an<3 5 ^  > a r e  t h e
l o c a l  c o o r d i n a t e s  o f  t h e  c o r r e s p o n d i n g  e l e m e n t  I  a n d  I I .
A. C a s e  o f  L H A p p r o a c h :
From E q s .  3 . 1  a n d  3 . 2  i t  i s  p o s s i b l e  t o  e x p r e s s  u ^ , a n d  
w a l o n g  t h e  common e d g e  o f  t h e  two e l e m e n t s  I  a n d  I I  a s :
2
u* ( § ,  b) =  E ( § )  u * i 2  ( 4 . 4 a )
i = l
H z .  X v u ( ° )  t e \  11
Uf ( ? ’ o) = Ho i  u f i l  - ( 4 . 4 b )
s i m i l a r  e x p r e s s i o n  f o r  c a n  b e  w r i t t e n  a l s o ,
» < ? ,  b >' =  i S ,  [ h ' J 1 ( 5 )  w ) * 1 +  H<‘ > ( § )  w ^ ]  ( 4 . 5 a )  
2
w11 ( 5 ,  o)  =  E [ H ^ } (5 )  wl \  +  H ^ } ( 5 ) w“  ]  ( 4 . 5 b )
i = l  ^
A l s o  d i f f e r e n t i a t i n g  t h e  a s s u m e d  d i s p l a c e m e n t  p a t t e r n  f o r  w (E q .  4 . 1 b )  
w i t h  r e s p e c t  t o  r| g i v e s :
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a n d
I 2 -  (§» o )  =  E TH( 1 ) (§ )  w^1 + H( l ) (5') ]
Srj i _ 1 01 ’  r i a l  lx  * 5r ll 1
( 4 . 6 b )
c o n s i d e r i n g  b e n d i n g  s t i f f n e s s e s  o f  t h e  f a c e s ,  s u b s t i t u t i n g  E q s .  4 . 4 ,
4 . 5  a n d  4 . 6  i n t o  c o n d i t i o n s  4 . 1  t o  4 . 3  a n d  n o t i n g  t h a t  H ^ ? ^ ( e ) ,
& oi 01
a n d  h | } | § )  a r e  l i n e a r l y  i n d e p e n d e n t ,  i t  f o l l o w s  t h a t  t h e  g e o m e t r i c  
a d m i s s i b i l i t y  c o n d i t i o n s  a l o n g  t h e  common e d g e  b e t w e e n  e l e m e n t s  I  
a n d  I I  a r e  s a t i s f i e d  p r o v i d e d  t h a t :
u f i  2
I I  
Uf  i  1
( 4 .  7 a )
- I






( 4 . 7 b )
( 4 . 7 c )
w
Ei 2
I I  w _ . 
§ i l ( 4 . 7d)
Iw . „ rp-2 =  w
I I
T f l ( 4 .  7 e )
I  I Iw_ . „ =  w_ . 1? n l2 ( 4 .  7 f )
w h e r e  f  =  1 , 2  a n d  i  =  1 , 2
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As e x p l a i n e d  b e f o r e  i t  s h o u l d  b e  n o t i c e d  t h a t  p r i o r  t o  s a t i s f y i n g  t h e .  
g e o m e t r i c  a d m i s s i b i l i t y  c o n d i t i o n s  a t  t h e  common e d g e s ,  t h e r e  a r e  t h i r t y  
two d e g r e e s - o f - f r e e d o m  a t  t h e  i n t e r i o r  n o d e  common t o  a n y  f o u r  e l e m e n t s  
( 8  f o r  e a c h  e l e m e n t ) ;  a f t e r  a p p l y i n g  t h e  a d m i s s i b i l i t y  c o n d i t i o n s ,  t h e  
nu m b e r  o f  i n d e p e n d e n t  d e g r e e s - o f - f r e e d o m  a t  t h e  i n t e r i o r  n o d e  i s  r e d u c e d  
t o  e i g h t .
B. C as e  o f  H -  H A p p r o a c h :
The same p r o c e d u r e  c a n  be  f o l l o w e d  a s  i n  t h e  p r e v i o u s  p a r t ;  
i n  t h i s  c a s e  u ^ ,  a n d  w a r e  e x p r e s s e d  u s i n g  E q s .  3 . 2  t o  r e p r e s e n t  t h e  
d i s p l a c e m e n t  p a t t e r n s  a l o n g  t h e  common e d g e  o f  t h e  two e l e m e n t s  I  an d  
I I  t h a t  i s :
2
AI (^ ,b )  =  . E .  f H( l )  ( ? )  A1 + H . ( 1 ) ( ? )  a* ]  ( 4 . 8 a )^ 1=1  o i   ^ i 2  l i  ^
2
a11 ( ?  , o ) =  [ H ^ U )  ^  +  h [ J } (§ )  ( 4 . 8 b )
where A = ( u , v f , w ) , f  = l , 2
f  ( 1 )S u b s t i t u t i n g  E q s .  4 . 8  i n t o  E q s .  4 . 2  a n d  n o t i n g  a l s o  t h a t  ( ? ) >
“ u  >?> a r e  l i n e a r l y  i n d e p e n d e n t ,  i t  f o l l o w s  t h a t  t h e  d i s p l a c e m e n t
c o n t i n u i t y  c o n d i t i o n s  a l o n g  t h e  common e d g e  b e t w e e n  e l e m e n t s  I  a n d  I I
a r e  s a t i s f i e d  p r o v i d e d :
1 _  H
i 2  ~  Ai l  ( 4 . 9 a )
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4 i2 = 4u (4-9b)
w h e r e  a =  u ^ , a n d  w , i  =  1 ,  2 ,  f  =  1 , 2
Th e c o n t i n u i t y  c o n d i t i o n s  o f  t h e  s l o p e  ( ^ )  a l o n g  t h e  same e d g e  a r e
oil
e x a c t l y  t h e  same a s  m e n t i o n e d  i n  t h e  p r e v i o u s  p a r t  A,  w h i c h  g i v e s :
1 11 1/ 7 ^w . „ =  w . 1 ( 4 . 7 e )T|i 2 n i l
i  =  1 ,  2
1 11
% L 2  W§ T f l  ( 4 . 7 f )
Th e same p r o c e d u r e  c a n  be  f o l l o w e d  f o r  t h e  l i n k i n g  c o n d i t i o n s  r e q u i r e d  
t o  s a t i s f y  t h e  g e o m e t r i c  a d m i s s i b i l i t y  c o n d i t i o n s  a t  t h e  o t h e r  i n t e r ­
f a c e s  b e t w e e n  t h e  d i f f e r e n t  e l e m e n t s  shown i n  F i g .  6.  I n  t h i s  a p p r o a c h  
p r i o r  t o  s a t i s f y i n g  t h e  g e o m e t r i c  a d m i s s i b i l i t y  c o n d i t i o n s  a t  t h e  
common e d g e s ,  t h e r e  a r e  e i g h t y  d e g r e e s  o f  f r e e d o m  a t  t h e  i n t e r i o r  
n o d e  common t o  t h e  f o u r  e l e m e n t s  (20  f o r  e a c h  e l e m e n t ) ;  a f t e r  a p p l y i n g  
t h e  a d m i s s i b i l i t y  c o n d i t i o n s ,  t h e  num ber  o f  i n d e p e n d e n t  d e g r e e s  -  o f  - 
f r e e d o m  a t  t h e  i n t e r i o r  n o d e  i s  r e d u c e d  t o  f o r t y .
4 . 1 . 2  O p t i o n a l  L i n k i n g  C o n d i t i o n s :
I n  a d d i t i o n  t o  s a t i s f y i n g  t h e  l i n k i n g  c o n d i t i o n s  r e s u l t i n g  
f r o m  g e o m e t r i c  a d m i s s i b i l i t y  m e n t i o n e d  i n  t h e  p r e v i o u s  s e c t i o n ,  i t  
s h o u l d  be  n o t e d  t h a t  f u r t h e r  r e d u c t i o n  i n  t h e  num ber  o f  i n d e p e n d e n t  
d e g r e e s  -  o f  -  f r e e d o m  c a n  be a c h i e v e d  by i m p o s i n g  a d d i t i o n a l  l i n k i n g  
c o n d i t i o n s .  T h i s  d e p e n d s  up o n  t h e  e x p e r i e n c e  o f  t h e  e n g i n e e r  a n d  t h e
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ex pect ed  b e h a v i o r  o f  t h e  s t r u c t u r e .  F o r  e x a m p l e ,  i n  m o s t  skew s a n d w i c h  
p l a t e  p r o b l e m s  t h e  n o r m a l  a n d  s h e a r i n g  s t r a i n s  i n  t h e  f a c e s  a r e  c o n ­
t i n u o u s  b e t w e e n  e l e m e n t s .  S t r a i n  c o n t i n u i t y  c a n  be a c h i e v e d  i n  t h e  
s e c o n d  a p p r o a c h  u s i n g  t h e  H -  H i n t e r p o l a t i o n  p o l y n o m i a l s ,  a s  i n d i c a t e d  
b e l o w .  C o n s i d e r  t h e  common e d g e  b e t w e e n  e l e m e n t s  I  a n d  I I  o f  F i g .  6 ,  
t h e  s t r a i n  c o n t i n u i t y  c o n d i t i o n s  i n v o l v e s  c o n t i n u i t y  r e q u i r e m e n t s  on 
u ^ ,  u ^  Vf § s v f r |  anc* E d i t i o n  t o  t h o s e  r e q u i r e m e n t s  g i v e n
by t h e  g e o m e t r i c  a d m i s s i b i l i t y  c o n d i t i o n s .  The r e m a i n i n g  c o n d i t i o n s  t o  
be  c o n s i d e r e d  a r e :
^ 1 ^ 11
f  ( p 1 r  1 i \ f  , - H  -  I IU  =  ? ,  Tl =  b)  =  r — -  ( ?  =  5 ,  Tl =  0)
Sri * 1 Sri ( 4 . 10a i
5V dv^°  f  , - I  _ I  . i °  f  , _ I I  _ I I
( ?  =  Tl =   ^ =  S rT  ? Tl = 0 )  ( 4 . 1 0 b )
F o l l o w i n g  t h e  same p r o c e d u r e  a s  b e f o r e ,  t h e  s e t  o f  new l i n k i n g  c o n d i ­
t i o n s  b e c o m e s :
1 11 1 11 in 1• o =  u  , u , _  . 0 =  u c _ ( 4 . 1 1 a )f r f 2  frp.1 f ?rii-2 f ? r p . l
- I  - I I  - I  - I I  ( /
VC • O =  VP • 1 ’ Vfcr - o  =  ( 4 . 1 1 b )f r p .2  f r j i l  t § rp -2  f ^ r f l
A f t e r  s a t i s f y i n g  b o t h  t h e  g e o m e t r i c  a d m i s s i b i l i t y  a n d  t h e s e  s t r a i n
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c o n t i n u i t y  c o n d i t i o n s  on a l l  t h e  a d j a c e n t  e d g e s  o f  t h e  e l e m e n t s  shown 
i n  F i g .  6 ,  t h e  number  o f  i n d e p e n d e n t  d e g r e e s  - o f  -  f r e e d o m  a t  t h e  
i n t e r i o r  n o d e  f o r  t h e  H -  H a p p r o a c h  i s  r e d u c e d  f r o m  f o r t y  t o  t w e n t y .
I n , s a n d w i c h  p l a t e  c o n s t r u c t i o n s  f o r  c e r t a i n  l o a d i n g  c o n d i t i o n s  
i t  i s  known t h a t  t h e  membrane d i s p l a c e m e n t s  a n d  s t r a i n s  o f  t h e  u p p e r  
a n d  l o w e r  f a c e s  a r e  e q u a l  i n  m a g n i t u d e  a n d  o p p o s i t e  i n  s i g n  i . e .  ( u^  =
- u 2 , V j  -  - v 2> e lx  =  - c 2>s, £l y  = - £ 2y and Ylxy = -Y2xy).  Adding 
t h e s e  c o n d i t i o n s ,  t h e  n um ber  o f  i n d e p e n d e n t  d e g r e e s  o f  f r e e d o m  a t  t h e  
' i n t e r i o r  n o d e  a r e  a g a i n  r e d u c e d  t o  t w e l v e .  I t  c a n  be  s e e n  f r o m  R e f .  13 
t h a t  t h i s  n um ber  i s  t h e  same a s  t h a t  i n v o l v e d  i n  a t h i n  p l a t e  p r o b l e m .
A l l  t h e  n u m e r i c a l  r e s u l t s  r e p o r t e d  i n  t h i s  w o rk  w e r e  o b t a i n e d  by  e m p l o y ­
i n g  t h e  g e o m e t r i c  a d m i s s i b i l i t y  c o n d i t i o n s .  I n  t h e  H -  H a p p r o a c h  t h e  
a d d i t i o n a l  s t r a i n  c o n t i n u i t y  c o n d i t i o n s  w e r e  i n v o l v e d .  M o r e o v e r  f o r  
c e r t a i n  p r o b l e m s  sy m m et ry  c a n  be  c o n s i d e r e d  a n d  t h i s  f u r t h e r  r e d u c e s  
t h e  t o t a l  n um ber  o f  i n d e p e n d e n t  d e g r e e s  -  o f  -  f r e e d o m  f o r  t h e  d i s c r e t i z e d  
s t r u c t u r e  a s  w i l l  be  i n d i c a t e d  i n  t h e  n u m e r i c a l  e x a m p l e s .
4 . 1 . 3  D i s p l a c e m e n t  B o u n d a r y  C o n d i t i o n s :
F o r  a  p a r t i c u l a r  p r o b l e m  t h e  p r e m e n t i o n e d  d i s p l a c e m e n t  b o u n ­
d a r y  c o n d i t i o n s  c a n  be  s e t  t o  c h a r a c t e r i z e  t h e  d i s p l a c e m e n t  b e h a v i o r  o f  
t h e  s t r u c t u r e .  T h i s  l e a d s  t o  a n o t h e r  r e d u c t i o n  i n  t h e  num ber  o f  i n d e p ­
e n d e n t  d e g r e e s  o f  f r e e d o m .  The s a t i s f a c t i o n  o f  t h e  d i s p l a c e m e n t  b o u n d a r y  
c o n d i t i o n s  w i l l  b e  i l l u s t r a t e d  by m ean s  o f  e x a m p l e s .
A. L -  H A p p r o a c h :
C o n s i d e r  a  c l a m p e d  skew s a n d w i c h  p l a t e  a s  shown i n  F i g .  7 ,  
w h e r e  t h e  b e n d i n g  s t i f f n e s s e s  o f  t h e  f a c e s  a r e  c o n s i d e r e d .  A l o n g  t h e
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b o u n d a r i e s  o f  t h e  p l a t e  a l l  t h e  d i s p l a c e m e n t s  a n d  t h e  s l o p e  i n  t h e  ^ 
d i r e c t i o n  a l o n g  t h e  b o u n d a r i e s  p a r a l l e l  t o  r p x i s  a r e  z e r o ;  a l s o  t h e  
s l o p e  i n  t h e  n  d i r e c t i o n  a l o n g  b o u n d a r i e s  p a r a l l e l  t o  ^ a x i s  a r e  
z e r o .  T h i s  w i l l  l e a d  t o  t h e  f o l l o w i n g  c o n d i t i o n s ;  F o r  t h e  e d g e  
^  — 0 o f  e l e m e n t  1 ,  u s i n g  E q s .  3 . 1  a n d  3 . 2  g i v e s :
2
u* (e;1 =  0 ,  r]1 =  r\) =  . S  H ^ ( r | )  u =  0 ( 4 . 1 2 a )i  1 1  1=1 o i  1 f l i
2
v* ( 5 1 =  0 ,  n1 =  r\) =  . S  ^ ° h r \ ) v  =  o ( 4 . 1 2 b )
WI (§ 1 =  o ,  n1 =  -n) =  , e 1 [H( 1 ) (n)  Wl . +  h ^ ^ ^ D w  ]  =  o ^ 1 1 i = l  L o i  1 l i  l i  r il i
( 4 . 1 2 c )
I  2
t z -  ( =  o ,  n1 =  13) =  . e  f H( 1 ^ ( n)  w . +  h | 1 ^( t i )w . ]  = 0
i = l  0 1  § l i  l i  EtiIi
(4 .  12d)
These  c o n d i t i o n s  a r e  s a t i s f i e d  i f :
U f U  -  v f U  = 0  ( f  =  1 ,  2 ,  i  =  1 ,  2) ( 4 . 1 3 a )
" a  = ” ?n  = " n il = u5n ii = 0 I1 -  u  2 ) (4 . i 3b)
IVS i m i l a r l y  f o r  e d g e  !- =  a :
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u f 2 i  =  ~  0 ( f  =  1 ,  2 ,  i  -  1 ,  2) ( 4 . 1 4 a )
w„. =  w_0 . =  w . .  =  w_ = 0  ( 1 = 1 ,  2) ( 4 . 1 4 b )
2i  ^ 2 i  ri2i ? n 21
A l s o  f o r  t h e  ed g e  iq" =  0 o f  e l e m e n t  I  u s i n g  t h e  same p r o c e d u r e :
u . . .  =  v f . .  = 0  ( f  =  1 ,  2 ,  i  =  1 ,  2) ( 4 . 1 5 a ): i l  f x l
w. , =  w =  w =  w =  0 ( i  =  1 ,  2) ( 4 . 1 5 b )
i l  § i l  rp-1 ^rp-l
I I I
S i m i l a r l y  f o r  a  p a r a l l e l  e d g e  n  =  b :
u  _ =  v  .  =  0 ( f  =  1 ,  2 ,  i  =  1 ,  2) ( 4 . 1 6 a )f  i  2 t i  2
w. „ =  w 0 =  w =  we • o =  0 ( i  =  1 ,  2) ( 4 . 16b)i  2 2 rp- 2 2
From E q s .  4 . 1 3  t o  4 . 1 6 ,  i t  c a n  be  s e e n  t h a t  i f  t h e  f o u r  b o u n d a r i e s  o f  
a  s a n d w i c h  p l a t e  a r e  c l a m p e d  i n  t h i s  m a n n e r  , t h e r e  w i l l  be  no d e g r e e s
o f  f r e e d o m  a l o n g  t h e  b o u n d a r i e s  u s i n g  t h e  L -  H a p p r o a c h .
B. C lam ped  P l a t e  U s i n g  t h e  H -  H A p p r o a c h :
C o n s i d e r  a n o t h e r  t y p e  o f  a c l a m p e d  skew s a n d w i c h  p l a t e  
p r o b l e m  w h e r e  t h e  f l e x u r a l  s t i f f n e s s e s  o f  t h e  f a c e s  a r e  n e g l e c t e d .  I n
t h i s  c a s e  t h e  d i s p l a c e m e n t s  o n l y  a r e  t a k e n  t o  be z e r o  a l o n g  t h e
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b o u n d a r i e s  o f  t h e  p l a t e  shown i n  F i g .  7.  F o r  t h e  ed g e  Ej =  0  o f
e l e m e n t  I  u s i n g  Eq.  3 . 2  g i v e s :
(S1 -  o ,  r,1 = „) = J ,  [ n ' J ’ lt,) u£ U +  hJJ , ( 11)u£tiU] = o
( 4 . 1 7 a )
2
v) (51 = o, r,1 = V )  = E > 0
i = i  -    ^
( 4 . 1 7 b )
2
WI (5I = o ,  n1 -  n) = ^  H^o J ) ( l i)wi i +Hu )(,n)wT1i i ^  = 0
( 4 . 1 7 c )
T h e s e  c o n d i t i o n s  a r e  s a t i s f i e d  i f :
u r i . =  v . . .  =  u £ . = v ,  . .  =  0 
f l i  f l i  f-qli frjli
( 4 . 1 8 a )
w , .  =  w . . = 0l l  Tjll
( 4 . 18b)
IVS i m i l a r l y  f o r  t h e  e d g e  § =  a
Uf  2i  Vf  2 i  Uf n 2 i  Vf  r]2i “  0 ( 4 . 1 9 a !
w„. =  w =  02i  r |2 i
( 4 . 1 9 b )
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U s i n g  t h e  same p r o c e d u r e  f o r  e d g e  =  0 g i v e s :
u c - i  =  =  u f c . ,  =  v f f . i  = 0  ( 4 . 2 0 a )f i l  f i l  f ^ i l  f ^ i l
w. . =  w_. , =  0  ( 4 . 2 0 b )x l  ^ i l
S i m i l a r l y  f o r  a  P a r a l l e l  e d g e  r\ =  b :
u , . 0 =  v  =  u =  v  =  0 ( 4 . 2 1 a )f i 2  f i 2  f ^ i 2  f § i 2
w. _ =  w 0 = 0 ( 4 .  21b)i  2 Q.2
From E q s .  4 . 1 8  t o  4 . 2 1 ,  t h e  d e g r e e s  -  o f  -  f r e e d o m  a l o n g  t h e  b o u n d a r i e s  
c a n  be d e t e r m i n e d .
I t  s h o u l d  be  n o t e d  t h d t  t h e  f o r c e  b o u n d a r y  c o n d i t i o n s  n e e d  
n o t  b e  s a t i s f i e d  by t h e  a s s u m e d  d i s p l a c e m e n t  p a t t e r n s  b u t  t h e  d i s p l a c e ­
m e n t  b o u n d a r y  c o n d i t i o n s  m u s t  be  s a t i s f i e d .  T h i s  i s  b e c a u s e  t h e  p r i n ­
c i p l e  o f  t o t a l  minimum p o t e n t i a l  e n e r g y  i s  u s e d  a s  t h e  b a s i s  f o r  t h i s  
a p p r o x i m a t e  s o l u t i o n s  a n d  h e n c e  f o r c e  b o u n d a r y  c o n d i t i o n s  r e s u l t  f r o m  
t h e  a p p l i c a t i o n  o f  t h e  v a r i a t i o n a l  p r i n c i p l e  a s  n a t u r a l  b o u n d a r y  c o n d i ­
t i o n s .  However  t h e  f o r c e  b o u n d a r y  c o n d i t i o n s  c a n  be  t r e a t e d  a s  a p p l i e d  
l o a d s  a n d  a r e  d e a l t  w i t h  u s i n g  t h e  w o rk  e q u i v a l e n t  l o a d s  a s  d i s c u s s e d  
i n  th e  p r e v i o u s  c h a p t e r .
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4 . 2  N u m e r i c a l  E v a l u a t i o n
A f t e r  d e c i d i n g  w h a t  t h e  i n d e p e n d e n t  d e g r e e s  -  o f  -  f r e e d o m  
a r e  f o r  a  p a r t i c u l a r  s t r u c t u r e  i d e a l i z e d  a s  a n  a s s e m b l a g e  o f  f i n i t e  
e l e m e n t s ,  a m a s t e r  s t i f f n e s s  m a t r i x  c a n  be  fo r m e d  u s i n g  t h e  e l e m e n t  
s t i f f n e s s  m a t r i x  p r e s e n t e d  i n  C h a p t e r  I I I  a n d  t h e  c h o s e n  i n d e p e n d e n t  
d e g r e e s  -  o f  -  f r e e d o m .  I n  t h i s  w o r k  i t  i s  d o n e " b y  f o r m i n g  a t a b l e  
h a v i n g  t h e s e  i n d e p e n d e n t  d e g r e e s  -  o f  -  f r e e d o m  a s  i t s  c o o r d i n a t e s ;  t h i s  
t a b l e  i s  c a l l e d  t h e  ' v a r i a b l e  c o r r e l a t i o n  t a b l e 1 w h i c h  i s  t h o r o u g h l y  
d e a l t  w i t h  by B o g n e r  ( R e f .  1 3 ) .
I n  t h i s  s e c t i o n  s e v e r a l  n u m e r i c a l  e x a m p l e s  a r e  p r e s e n t e d  
f o r  r e c t a n g u l a r  a n d  skew s a n d w i c h  p l a t e s .  A num ber  o f  t h e  p r o b l e m s  
s e l e c t e d  a r e  f ro m  t h e  p u b l i s h e d  l i t e r a t u r e  a n d  fo rm  a  b a s i s  f o r  com­
p a r i s o n .  A l l  t h e  p r o b l e m s  a r e  done  u s i n g  b o t h  o f  t h e  two a p p r o a c h e s  
m e n t i o n e d  b e f o r e  ( L -  H a n d  H -  H) i n  o r d e r  t o  com pare  t h e  two a p p r o a c h e s  
a n d  t h e i r  c o n v e r g e n c e .  As m e n t i o n e d  b e f o r e  a l l  t h e  n u m e r i c a l  e x a m p l e s  
p r e s e n t e d  s a t i s f y  t h e  g e o m e t r i c  a d m i s s i b i l i t y  a n d  a d d i t i o n a l  c o n d i t i o n s  
s t a t e d  i n  t h e  p r e v i o u s  s e c t i o n s .  A s a m p l e  c o m p u t e r  o u t p u t ,  s h o w i n g  a  
t a b u l a t i o n  o f  t h e  c o m p u t e d  d e g r e e s  o f  f r e e d o m ,  t h e  d i s p l a c e m e n t s  a t  
die n o d e s  f o r  e a c h  e l e m e n t  o f  a p r o b l e m  o f  a  c l a m p e d  skew s a n d w i c h  p l a t e  
i s  p r e s e n t e d  i n  A p p e n d i x  D. A l a r g e  v a r i e t y  o f  p r o b l e m s  o f  t h i n  r e c ­
t a n g u l a r  a n d  skew p l a t e s  u n d e r  l a t e r a l  l o a d s  a n d  m em bra nes  w e r e  done  
i n  o r d e r  t o  c h e c k  t h e  f o r m u l a t i o n s  a n d  t h e  r e s u l t s  showed a g r e e m e n t  
w i t h  s i m i l a r  s o l u t i o n s .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
65
4 . 2 . 1  R e c t a n g u l a r  S a n d w i c h  P l a t e  E x a m p l e s :
A. F u l l y  C lam ped  S a n d w i c h  P l a t e  U nde r  U n i f o r m  P r e s s u r e  ( F i g . 8) 
A 50 i n  x  50 i n .  s q u a r e  s a n d w i c h  p l a t e  c o n s i s t i n g  o f  two t h i n  
a l u m i n u m  f a c i n g s  a n d  a  r e l a t i v e l y  t h i c k  a lu m i n u m  honeycomb c o r e  i s  c o n ­
s i d e r e d .  Th e f o l l o w i n g  a r e  t h e  p r o p e r t i e s  a n d  d i m e n s i o n s  o f  t h e  s a n d ­
w i c h  p l a t e :
— 1 0 . 5  x  106 p s i
=  0 . 3
t ^  =  0 . 0 1 5  i n
G — G = 5 0 ,  000 p s ic x z  c y z
t  =  1 . 0  i nc
Th e f o u r  e d g e s  o f  t h e  s a n d w i c h  p l a t e  a r e  f u l l y  c l a m p e d  so  a s  
t o  i m p o s e  t h e  f o l l o w i n g  d i s p l a c e m e n t  b o u n d a r y  c o n d i t i o n s ;
u ,  =  v ,  =  u „  = v „  =  w =  w = 0 ,  x =  +  A1 1 2  2 x  —
u, =  v ,  =  u „  =  v „  -  w =  w = 0 ,  y =  +  B1 1 2 2  y ~
I n  t h i s  c a s e  o f  b o u n d a r y  c o n d i t i o n s  a n d  l o a d i n g  t h e  b e h a v i o r  o f  t h e
s a n d w i c h  p l a t e  i s  s u c h  t h a t  u .  =  “ u -,j u =  - u   ..................... .....r  1 2 x l  x2
v ,  =  - v „ ,  v  , =  - v  _ ,  . . . . A l s o  d u e  t o  sy m m et ry  a b o u t  t h e  l i n e s1 2 x l  x2
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x — 0 a n d  y =  0  o n l y  one q u a d r a n t  o f  t h e  s y s t e m  i s  m o d e l e d  ( i . e .  a l o n g
x =  0 : u .  =  u „  =  0 ,  w = 0 ;  a n d  a l o n g  y = 0 : v ,  =  v  =  0 ,  1 2  x  b J 1 2
w =  0 ) .
y
I n  c a s e  o f  t h e  L -  H a p p r o a c h  t h e  s a n d w i c h  p l a t e  was m o d e l e d  
u s i n g  4 ,  9 a n d  16 e l e m e n t s  i n  t h e  q u a d r a n t  ( 1 3 ,  3 7 ,  40 d e g r e e s  -  o f  - 
f r e e d o m  r e s p e c t i v e l y ) , i n  t h e  c a s e  o f  16 e l e m e n t  m o d e l i n g  sym m et ry  i s  
a l s o  c o n s i d e r e d  a b o u t  t h e  d i a g o n a l .  I n  t h e  c a s e  o f  H -  H a p p r o a c h  t h e  
s a n d w i c h  p l a t e  was  m o d e l e d  u s i n g  4 a n d  16 e l e m e n t s  i n  t h e  q u a d r a n t  w h i c h  
r e s u l t s  i n  41 a n d  177 d e g r e e s  - o f  -  f r e e d o m  r e s p e c t i v e l y .  I f  sy m m et ry  
a b o u t  t h e  d i a g o n a l  i s  c o n s i d e r e d  i n  t h e  16 e l e m e n t  m o d e l i n g  t h e  num ber  
o f  d e g r e e s  -  o f  -  f r e e d o m  i s  r e d u c e d  f r o m  177 t o  109.  The c e n t r e  d e f l e c ­
t i o n  r e s u l t s  a r e  t a b u L a t e d  f o r  a l l  t h e s e  c a s e s  f o r  a  u n i f o r m l y  d i s t r i ­
b u t e d  l o a d  o f  l . o p s i  a n d  c o m p a r i s o n  o f  r e s u l t s  w i t h  R e f s .  3 1 ,  35 i s  made 
a s  shown i n  t a b l e  I .  As n o t e d  i n  R e f .  3 5 ,  t h e  s o l u t i o n  p r e s e n t e d  i n  
R e f .  31 h a s  a  l i m i t e d  a c c u r a c y .  A l s o  by i n s p e c t i o n  o f  r e s u l t s  i n  t h e  
H - H a p p r o a c h ,  t h e  v a l u e s  o f  wq a r e  i n  a v e r y  c l o s e  a g r e e m e n t  f o r  
4 a n d  16 e l e m e n t  m o d e l i n g ;  t h i s  i n d i c a t e s  t h a t  t h e  t r a n s v e r s e  d i s p l a c e ­
m e n t  c a n  b e  o b t a i n e d  w i t h  r e l a t i v e l y  c o a r s e  m o d e l i n g  u s i n g  t h e  H -  H 
a p p r o a c h .
B. S i m p l y  S u p p o r t e d  S a n d w i c h  P l a t e  U n d e r  U n i f o r m  P r e s s u r e  
( F i g .  9 ) :
A 20 i n  x  20 i n  s q u a r e  s a n d w i c h  p l a t e  c o n s t r u c t e d  f r o m  two 
t h i n  a lu m in u m  f a c e s  a n d  a r e l a t i v e l y  t h i c k  o r t h o t r o p i c  a lu m in u m  h o n e y ­
comb c o r e  i s  c o n s i d e r e d ,  t h e  m a t e r i a l  p r o p e r t i e s  a n d  d i m e n s i o n s  o f  t h e
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s a n d w i h  p l a t e  a r e :
Ef  =  10 x  106 PS1
u f  =  0 . 3
t  =  0 . 0 2  i n
f
G =  7 5 , 2 0 0  p s ic x z
G =  3 2 , 9 0 0  p s ic y z  r
t  = 1 . 0  i nc
T he  b o u n d a r i e s  o f  t h e  s a n d w i c h  p l a t e  a r e  c o n s i d e r e d  s i m p l y  s u p p o r t e d  
i m p o s i n g  t h e  f o l l o w i n g  d i s p l a c e m e n t  b o u n d a r y  c o n d i t i o n s ,  w h e r e  t h e  t r a n s ­
v e r s e  s h e a r  d i s p l a c e m e n t s  a r e  z e r o  a l o n g  e d g e s :
v^  =  V2 =  0  , w  =  0  x  =  +  A
u^ =  U2 =  0  , w  =  0  y =  ± B
A u n i f o r m  t r a n s v e r s e  p r e s s u r e  o f  1 p s i  i s  a p p l i e d  t o  t h e  s y s t e m .  A l s o
f r o m  t h e  l o a d i n g  c o n d i t i o n s  u .  =  - u „ ,  u . =  -u . . . , v .  =  - v „ ,& 1 2 x l  x 2  1 2
V” l  =  - v x 2 » • • • > an{i c o n s i d e r i n g  s y m m e t r y ,  o n e  q u a d r a n t  o f  t h e
s y s t e m  i s  m o d e l e d .  A d d i t i o n a l  c o n d i t i o n s  c a n  be  c o n s i d e r e d  a l o n g  x = 0 ,
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(u ^  =  = 0 ,  w^ = 0)  a n d  a l o n g  y =  0 ,  (v ^  =  =  0 ,  w =0) ' .
Th e f i r s t  s o l u t i o n  u s i n g  t h e  L -  H a p p r o a c h  i n  c a s e  o f  4 a n d  16 e l e m e n t s  
m o d e l i n g  i n  one  q u a d r a n t  r e s u l t  i n  28 a n d  104 d e g r e e s  -  o f  -  f r e e d o m  
r e s p e c t i v e l y .  U s i n g  t h e  H -  H a p p r o a c h ,  o n e  q u a d r a n t  was  m o d e l e d  by 
4 a n d  16 e l e m e n t s  ( 5 6 ,  208 d e g r e e s  o f  f r e e d o m  r e s p e c t i v e l y ) ,  i f  sy m m et ry  
a b o u t  t h e  d i a g o n a l  i s  c o n s i d e r e d  t h e  d e g r e e s  -  o f  -  f r e e d o m  i n  t h e  16 
e l e m e n t  m o d e l i n g  i s  r e d u c e d  f r o m  208 t o  140.  R e s u l t s  f o r  t h e  c e n t e r  
d e f l e c t i o n  a n d  i t s  c o m p a r i s o n  w i t h  t h e o r e t i c a l  a n d  e x p e r i m e n t a l  r e s u l t s  
* w i t h  p a n e l  n um ber  6 i n  t h e  F o r e s t  p r o d u c t s  L a b s ,  r e p o r t  ( R e f .  2 6 ) ,  
sho ws  a  c l o s e  a g r e e m e n t .  R e s u l t s  o f  the" two p r e v i o u s  p r o b l e m s  on 
r e c t a n g u l a r  s a n d w i c h  p l a t e s  a r e  i d e n t i c a l  w i t h  t h e  r e s u l t s  g i v e n  i n  
R e f .  35.  ( T a b l e  l )
4 . 2 . 2  SKEW SANDWICH PLATE EXAMPLES:
I n  t h i s  s e c t i o n  s e v e r a l  e x a m p l e s  o f  c l a m p e d  skew s a n d w i c h  
p l a t e s  w i t h  d i f f e r e n t  c o r e  p r o p e r t i e s  a r e  p r e s e n t e d .  A l l  t h e  p r o b l e m s  
a r e  t r e a t e d  u s i n g  t h e  two p r e v i o u s  m e n t i o n e d  a p p r o a c h e s  i n  o r d e r  t o  com­
p a r e  b e t w e e n  t h e  r e s u l t s  o f  t h e  two s o l u t i o n s .  Two t y p e s  o f  ' c l a m p e d  
b o u n d a r y  c o n d i t i o n s '  a r e  c o n s i d e r e d .  C o m p a r i s o n  o f  r e s u l t s  w i t h  a n  
e x i s t i n g  p u b l i s h e d  p a p e r  ( R e f .  2) i s  m ade.
C a s e  A: C lamped  Skew S a n d w i c h  P l a t e  C o n s i d e r i n g  t h e  B e n d i n g
R i g i d i t y  o f  t h e  F a c e s  ( F i g s .  1 0 ,  1 1 ) :
C o n s i d e r i n g  a 40 i n  x  40 i n  skew s a n d w i c h  p l a t e  w i t h  skew
a n g l e  (3, c o n s t r u c t e d  o f  0 . 0 2 5  i n  t h i c k  a l u m in u m  a l l o y  f a c e s  a n d  1 i n
t h i c k  c o r e .  Th e m a t e r i a l  p r o p e r t i e s  a r e  t a k e n  a s :
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=  10 x 10^ p s i
u =  0 . 3 2
G =  G =  G c x z  c y z  c
k 'h e r e  Gc t a k e s  on d i f f e r e n t  v a l u e s  a s  shown i n  t a b l e s .  A u n i f o r m l y  
t r a n s v e r s e  d i s t r i b u t e d  l o a d  o f  1 p s i  i s  a p p l i e d  t o  t h e  s y s t e m ,  ^ h e  
b o u n d a r i e s  o f  t h e  skew s a n d w i c h  p l a t e  a r e  f u l l y  c l a m p e d  a n d  b e n d i n g  
r i g i d i t y  o f  f a c e s  a r e  c o n s i d e r e d  so t h a t  t h e  i m p o s e d  d i s p l a c e m e n t  
b o u n d a r y  c o n d i t i o n s  a r e  t a k e n  a s :
u^  =  v^ =  u 2 =  v 2 = w =  w = 0 ,  E, =  ±  A
u .  =  v ,  =  u „  =  v „  =  w =  w =  0 ,  - n = + B1 1 2 z r|  1 —
Due t o  l o a d i n g  a n d  b o u n d a r y  c o n d i t i o n s  t h e  b e h a v i o r  o f  t h e  s a n d w i c h  
s y s t e m  i s  s u c h  t h a t  u^ = - u 2 ’ U^1 = ”U^ 2 ’ * * ' ’ ^ 1  =  _V2 ’
•v =  - "^§2’ * ’ ‘ * c a s e  ° f  L -  H a p p r o a c h  t h e  s a n d w i c h  p l a t e
w as  m o d e l e d  u s i n g  4 ,  1 6 ,  36 e l e m e n t s  ( F i g s .  1 0 ,  1 1 ) ;  ( 8 ,  5 4 ,  78 d e g r e e s  ■ 
o f  -  f r e e d o m  r e s p e c t i v e l y )  , n o t i n g  t h a t  i n  t h e  36 e l e m e n t  m o d e l i n g  
s y m m et ry  i s  c o n s i d e r e d  a b o u t  t h e  two d i a g o n a l s  a s  shown i n  F i g .  10.
F o r  e x a m p l e  t h e  s y m m et ry  b e t w e e n  t h e  n o d e s  nu m ber  7 a n d  19 a r e  s u c h  t h a t
( 7 )  _  (1 9 )
u f  “  "Uf  ( 4 . 2 2 a )
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( 7 )  ( 1 9 )
U§ f  =  U§ f  ( 4 . 2 2 b )
u ( 7 )  ( 1 9 )u / 1 ( 4 . 2 2 c )r|f rjf
( 7  ^ ( 19  ^ I ,Utr^f =  " Ucr c ( 4 .  22d)5*nE §nf
S i m i l a r  r e l a t i o n s  f o r  v ^  c a n  be  w r i t t e n  a n d :
(7 )  (1 9 )  , .  „  .w =  w 14.  2 3 a )
( 7 )  ( 1 9 )w. -w' • ( 4 . 2 3 b )
( 7 )  ( 1 9 )  ,w-rj =  -w ( 4 . 2 3 c )
( 7)  ( l 9 > l ,  oq, \w_ =  Wp ( 4 . 2 3 d )
?-n 5ti
T h e s e  r e l a t i o n s  c a n  b e  o b t a i n e d  f r o m  t h e  e q u a t i o n s  o f  t h e  a s s u m e d  d i s ­
p l a c e m e n t  p a t t e r n s ;  a l s o  t h e y  a r e  v e r i f i e d  by some o t h e r  p r o b l e m s  w h e r e  
sy m m et ry  a b o u t  d i a g o n a l s  a r e  n o t  c o n s i d e r e d .  R e s u l t s  f o r  c e n t r e  d e f l e c ­
t i o n  f o r  a l l  t h e  c a s e s  a r e  r e c o r d e d  i n  t a b l e  2.
C a s e  B: C lam ped  Skew S a n d w ic h  P l a t e  N e g l e c t i n g  t h e  B e n d i n g
R i g i d i t y  o f  t h e  F a c e s :
Th e same s a n d w i c h  p l a t e  d i m e n s i o n s  w i t h  t h e  same m a t e r i a l
p r o p e r t i e s  a s  i n  c a s e  A i s  u s e d ,  a n d  a l s o  a  t r a n s v e r s e  p r e s s u r e  o f  1
p s i  i s  a p p l i e d  t o  t h e  s y s t e m .  I n  t h i s  c a s e  t h e  b o u n d a r i e s  o f  t h e  skew
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s a n d w i c h  p l a t e  a r e  c l a m p e d  a n d  b e n d i n g  r i g i d i t y  o f  f a c e s  a r e  n e g l e c t e d  
so  t h a t  t h e  i m p o s e d  d i s p l a c e m e n t  b o u n d a r y  c o n d i t i o n s  a r e  t a k e n  a s :
-  u 2 =  v 2 =  w =  0 ,  ? =  +  A
^  =  u 2 =  v 2 =  w =  0 ,  n  =  +  B
As e x p l a i n e d  i n  s e c t i o n  ( 4 . 1 . 3 B ) ,  t h e s e  c o n d i t i o n s  a r e  s a t i s f i e d  by 
E q s .  4 . 1 8  t o  4 . 2 1 .  The o p p o s i t e  s i g n  r e l a t i o n s  b e t w e e n  t h e  d i s p l a c e m e n t s  
o f  t h e  u p p e r  a n d  l o w e r  f a c e s  i s  c o n s i d e r e d .  The s a n d w i c h  p l a t e  was 
d i s c r e t i z e d  w i t h  t h e  same m o d e l i n g  a s  i n  c a s e  A. F o r  t h e  L -  H s o l u t i o n  
4 ,  16 ,  36 e l e m e n t s  m o d e l i n g  was  u s e d ,  g i v i n g  ( 2 0 ,  4 4 ,  100 d e g r e e s  -  o f  -  
f r e e d o m ) ,  i n  t h e  c a s e  o f  H -  H s o l u t i o n  t h e  s a n d w i c h  p l a t e  was  d i s c r e t ­
i z e d  u s i n g  4 a n d  16 e l e m e n t s  ( 3 0 ,  102 d e g r e e s  -  o f  - f r e e d o m ) ,  w h e r e  
s y m m e t ry  was  c o n s i d e r e d  a b o u t  t h e  d i a g o n a l s  i n  b o t h  m o d e l i n g s .  R e s u l t s
f o r  c e n t r e  d e f l e c t i o n  f o r  a l l  c a s e s  a r e  r e c o r d e d  i n  t a b l e  3 ,  c o m p a r i s o n
w i t h  t h e  e x i s t i n g  r e s u l t s  ( R e f .  2) i s  p r e s e n t e d  i n  t a b l e  4  f o r  d i f f e r e n t  
c o r e  r i g i d i t i e s  a n d  skew a n g l e s .  I n s p e c t i o n  o f  r e s u l t s  i n d i c a t e s  a  
c l o s e r  a g r e e m e n t  w i t h  R e f .  2 i n  C a s e  B t h a n  w i t h  Case  A. A l s o  r e s u l t s  
f o r  c e n t r e  d e f l e c t i o n  f o r  a  c l a m p e d  skew s a n d w i c h  p l a t e  w i t h  a s p e c t  
r a t i o  1 . 5  a r e  shown i n  t a b l e  5 .  R e s u l t s  f o r  t h e  f a c e  moments  a t  t h e  
c e n t r e  o f  t h e  e d g e s  a n d  c e n t r e  o f  t h e  p l a t e  a n d  s h e a r  i n  t h e  c o r e  a t  t h e  
c e n t r e  o f  t h e  e d g e s  a r e  shown i n  t a b l e  6 .  I n  t a b l e  7 t h e  f o r c e  a n d  moment  
r e s u l t a n t s  a n d  t h e  maximum moment  a t  t h e  c e n t r e  a r e  g i v e n ;  t h e  r e s u l t s  show 
a  v e r y  good  a g r e e m e n t  w i t h  t h o s e  o f  R e f .  2. The maximum f o r c e  a n d  moment  
r e s u l t a n t s  a t  t h e  e d g e s  a n d  t h e i r  c o m p a r i s o n  w i t h  R e f .  2 a r e  g i v e n  i n
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t a b l e  8 ;  a g a i n  go od  a g r e e m e n t s  i s  o b t a i n e d .  I n  F i g s .  17 a n d  18o. the 
maximum e d g e  mom ents  a r e  p l o t t e d  v e r s u s  t h e  skew c o o r d i n a t e s  f o r  skew a n g l e s  
0 ,  1 5 ,  3 0 ,  4 5 ,  60  d e g r e e s  a n d  f o r  G =  10^ p s i  a n d  500 p s i  r e s p e c t i v e l y ;  
f r o m  t h o s e  c u r v e s  t h e  p o i n t s  o f  maximum moment s  c a n  be  d e t e r m i n e d  a l o n g  t h e  
e d g e s .  The r e s u l t s  i n d i c a t e  t h a t  t h e  p o i n t  o f  maximum moment  s t a r t s  
f r o m  t h e  c e n t r e  o f  t h e  e d g e  i n  t h e  r e c t a n g u l a r  c a s e  a n d  mov es  t o w a r d s  t h e  
o b t u s e  c o r n e r  a s  t h e  skew a n g l e  (3 i n c r e a s e s .  A l s o  F i g .  15 shows c o m p a r i s o n  
o f  c e n t r e  d e f l e c t i o n  f o r  [3 =  45 °  w i t h  d i f f e r e n t  l o a d  i n t e n s i t i e s .  F i g .  16 
show s  c o m p a r i s o n  o f  c e n t r e  d e f l e c t i o n  f o r  d i f f e r e n t  skew a n g l e s  a n d  c o r e  
r i g i d i t i e s .  A l l  t h e  r e s u l t s  a r e  i n  v e r y  go o d  a g r e e m e n t  w i t h  R e f .  2.
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CONCLUSIONS AND RECOMMENDATIONS
The a n a l y s i s  m e t h o d  p r e s e n t e d  r e p r e s e n t s  a n  e x t e n s i o n  o f  t h e  
f i n i t e  e l e m e n t  d i s p l a c e m e n t  m e t h o d  t o  t h e  p r e d i c t i o n  o f  t h e  d i s p l a c e m e n t  
b e h a v i o r  o f  skew s a n d w i c h  p l a t e s .  The f i n i t e  e l e m e n t  d i s p l a c e m e n t  p a t t ­
e r n s  a r e  a p p r o x i m a t e d  i n  t e r m s  o f  z e r o  a n d  f i r s t  o r d e r  H e r m i t e  i n t e r ­
p o l a t i o n  p o l y n o m i a l s  ( B i l i n e a r  L a g r a n g e  f u n c t i o n s  a n d  B i c u b i c a l  H e r m i t e  
f u n c t i o n )  a n d  t h e  u n d e t e r m i n e d  n o d a l  d i s p l a c e m e n t  p a r a m e t e r s .  T h i s  
r e s u l t s  i n  t h e  two p r e v i o u s  m e n t i o n e d  a p p r o a c h e s  (L -  H a p p r o a c h  a n d  t h e  
H - H a p p r o a c h ) .  The en d  p o i n t  p r o p e r t i e s  o f  t h e  H e r m i t e  p o l y n o m i a l s  
g i v e s  t h e  f a c i l i t y  o f  s a t i s f a c t i o n  o f  t h e  g e o m e t r i c  a d m i s s i b i l i t y  
c o n d i t i o n s  b e t w e e n  a d j a c e n t  f i n i t e  e l e m e n t s  o f  t h e  d i s p l a c e m e n t  s t a t e  
o f  an  a s s e m b l a g e  o f  e l e m e n t s .  A l s o ,  t h e  H -  H a p p r o a c h  h a s  t h e  a d v a n ­
t a g e  o f  t h e  p o s s i b i l i t y  o f  m a i n t a i n i n g  s t r a i n  c o n t i n u i t y  b e t w e e n  a d j a c ­
e n t  e l e m e n t s ,  so  t h a t  a c c u r a t e  s t r e s s  p r e d i c t i o n s  c a n  be  a c h i e v e d .
The  d i s p l a c e m e n t  b e h a v i o r  was  d e s c r i b e d  i n  t e r m s  o f  t h e
I
membrane d i s p l a c e m e n t s  o f  t h e  i n d i v i d u a l  f a c e s  a n d  t h e  t r a n s v e r s e  
d e f l e c t i o n  o f  t h e  w h o l e  s y s t e m .  T r a n s v e r s e  s h e a r  d e f o r m a t i o n s  o f  t h e  
c o r e  w e re  t a k e n  i n t o  a c c o u n t  a n d  t h e  f o r m u l a t i o n  i s  a b l e  t o  t r e a t  a w i d e  
r a n g e  o f  b o u n d a r y  c o n d i t i o n s .  By s i m p l y  r e p l a c i n g  t h e  skew a n g l e  
p r e s e n t e d  i n  t h e  f o r m u l a t i o n s  by z e r o ,  t h e  p r o b l e m  o f  r e c t a n g u l a r  
s a n d w i c h  p l a t e s  c a n  be  s o l v e d .  A l s o ,  t h e  a n a l y s i s  o f  t h i n  r e c t a n g u l a r  
a n d  skew p l a t e s  a n d  m em bra nes  c a n  be d e a l t  w i t h  by  c o n s i d e r i n g  o n l y
73
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o n e  f a c e  o f  t h e  s a n d w i c h  s y s t e m .  T he  p o t e n t i a l  e n e r g y  f o r m u l a t i o n s  w e r e  
p r e s e n t e d  i n  t e r m s  o f  t h e  p l a t e  g e o m e t r y ,  t h e  s t i f f n e s s e s  o f  t h e  f a c e s  
a n d  t h e  t r a n s v e r s e  s h e a r  m o d u l i i  o f  t h e  c o r e .  H o w e v e r ,  t h e  a n a l y s i s  
p r e s e n t e d  i s  l i m i t e d  t o  l i n e a r  e l a s t i c  m a t e r i a l  b e h a v i o r  a n d  t h e  f a c e s
a r e  g o v e r n e d  by t h e  K i r c h o f f  - Love a s s u m p t i o n s .
A l l  t h e  s o l u t i o n s  r e p o r t e d  w e r e  b a s e d  on t h e  t h e o r e m  o f  
t o t a l  minimum p o t e n t i a l  e n e r g y .  I n s p e c t i o n  o f  r e s u l t s  g i v e n  i n  t h e  
t a b l e s  a n d  f i g u r e s  g i v e s  r i s e  t o  many d i s c u s s i o n s  a n d  c o n c l u s i o n s .  I t  
i s  s e e n  t h a t  t h e  c e n t r e  d e f l e c t i o n  d e c r e a s e s  w i t h  t h e  i n c r e a s e  i n  skew 
a n g l e  (3, a l s o  t h e  t a b l e s  r e v e a l  t h a t ,  a s  e x p e c t e d ,  d e f l e c t i o n s  i n c r e a s e  
r a p i d l y  a s  t h e  c o r e  r i g i d i t y  d e c r e a s e s .  I n  t h e  two m e n t i o n e d  a p p r o a c h e s  
(L -  H a p p r o a c h  a n d  H -  H a p p r o a c h ) ,  t h e  r e s u l t s  showed t h e  c o n v e r g e n c e  
o f  t h e  s o l u t i o n  a s  t h e  g r i d  i s  r e f i n e d  a n d  t h e o r e t i c a l l y  t h e  p o t e n t i a l  
e n e r g y  c o n v e r g e s  t o  t h e  t r u e  minimum p o t e n t i a l  e n e r g y  a s  t h e  nu mber  o f  
e l e m e n t s  t e n d s  t o  i n f i n i t y .  From t h e  t a b l e s ,  i n  t h e  c a s e  o f  t h e  H -  H
a p p r o a c h  t h e  d i s p l a c e m e n t  r e s u l t s  c o n v e r g e s  m o re  r a p i d l y  t h a n  i_n t h e
c a s e  o f  t h e  L -  H a p p r o a c h  a n d  e v e n  f o r  c o a r s e  m o d e l i n g  i n  t h e  H -  H 
a p p r o a c h  ( 4  e l e m e n t s ) ,  i t  g i v e s  good  r e s u l t s  f o r  t h e  c e n t r e  d e f l e c t i o n .  
R e s u l t s  show ed  t h a t  t h e  L -  H s o l u t i o n  c a n  b e  u s e d  i n  c a s e  o f  s a n d w i c h  
c o n s t r u c t i o n  w i t h  low c o r e  r i g i d i t y  t o  g i v e  a c c u r a t e  d e f l e c t i o n  r e s u l t s ;
I
t h i s  i s  due  t o  t h e  f a c t  t h a t  t h e  d i s p l a c e m e n t s  a r e  due  m a i n l y  t o  t r a n s ­
v e r s e  s h e a r  i n  t h e  c o r e .  F o r  e x a m p l e  i n  c a s e  o f  Gc =  500  p s i ,  t h e
4 e l e m e n t  m o d e l i n g  i n  t h e  L -  H a p p r o a c h  g i v e s  a c c u r a t e  a p p r o x i m a t i o n .  
One o f  t h e  m o s t  i m p o r t a n t  c o n c l u s i o n s  i s  t h a t ,  f o r  r e l a t i v e l y  r i g i d  
c o r e s  t h e  H -  H a p p r o a c h  i s  s u p e r i o r  t o  t h e  L -  H a p p r o a c h  f o r  t h e  same
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n um ber  o f  d e g r e e s  o f  f r e e d o m .  T h e r e f o r e  i n  s a n d w i c h  c o n s t r u c t i o n  u s i n g  
t h e  H -  H a p p r o a c h  w i t h  a  r e l a t i v e l y  c o a r s e  m o d e l i n g  g i v e s  b e t t e r  r e s u l t s  
t h a n  t h e  L -  H a p p r o a c h  w i t h  a l a r g e  num ber  o f  e l e m e n t s  e v e n  i f  t h e  two 
a p p r o a c h e s  h a v e  t h e  same num ber  o f  t o t a l  d e g r e e s  -  o f  -  f r e e d o m .  R e s u l t s  
o f  t h e  H -  H a p p r o a c h  f o r  skew s a n d w i c h  p l a t e s  w i t h  d i f f e r e n t  c o r e  
r i g i d i t i e s  a r e  c o m p a r e d  w i t h  R e f .  2 ,  t h e  r e s u l t s  i n d i c a t e  go o d  a g r e e ­
m e n t .
T he  n u m e r i c a l  e x a m p l e s  p r e s e n t e d  do n o t  p r o v i d e  a c o m p l e t e  
e v a l u a t i o n  o f  t h e  p o t e n t i a l  o f  t h e  f i n i t e  e l e m e n t  a n a l y s i s ,  h o w e v e r ,  
t h e y  i n d i c a t e  t h a t  r e l a t i v e l y  few e l e m e n t s  a r e  r e q u i r e d  i n  o r d e r  t o  
a c c u r a t e l y  p r e d i c t  d i s p l a c e m e n t s  a n d  s t r e s s e s  o f  skew s andw ic h '  p l a t e s .
To t h e  a u t h o r ' s  k n o w l e d g e ,  no  a v a i l a b l e  f i n i t e  e l e m e n t  a n a l y s i s  f o r  
skew  s a n d w i c h  p l a t e s  e x i s t ;  t h i s  a t t e s t s  t o  t h e  i m p o r t a n c e  o f  t h e  
p r o p o s e d  m e t h o d .
Th e s u c c e s s  o f  t h e  p r e s e n t e d  f o r m u l a t i o n  s u g g e s t s  s e v e r a l  
e x t e n s i o n s  i n  t h e  same f i e l d .  Th e m e t h o d  was  o n l y  a p p l i e d  t o  s a n d ­
w i c h  e l e m e n t s  c o n n e c t e d  i n  t h e  same p l a n e ,  a n  e x t e n s i o n  t o  s o l v e  s a n d ­
w i c h  s t r u c t u r e s  u s i n g  e l e m e n t s  c o n n e c t e d  a t  a r b i t r a r y  a n g l e s  w o u l d  be 
a  s i g n i f i c a n t  a d v a n c e .  E x t e n s i o n  o f  t h e  m e t h o d  t o  m ore  g e n e r a l  g eom e­
t r i e s  s u c h  a s  t r i a n g u l a r  a n d  q u a d r i l a t e r a l  e l e m e n t s  w o u l d  h a v e  a 
s i g n i f i c a n t  i m p o r t a n c e  b u t  may i n v o l v e  s u b s t a n t i a l  e f f o r t .  A l s o  t h e  
a p p l i c a t i o n  o f  a  d i s c r e t e  e l e m e n t  f i n i t e  d i s p l a c e m e n t  a n a l y s i s  on skew 
s a n d w i c h  p l a t e s  c o n s i d e r i n g  n o n  -  l i n e a r i t y  a n d  d i r e c t  m i n i m i z a t i o n  o f  
t h e  p o t e n t i a l  e n e r g y  w i l l  a d d  a  s i g n i f i c a n t  c o n t r i b u t i o n  t o  t h e  p r o b l e m .
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The m e t h o d  c a n  a l s o  be  e x t e n d e d  t o  t h e  s o l u t i o n  o f  skew s a n d w i c h  p l a t e s  
w i t h  a n i s o t r o p i c  f a c i n g s  s u c h  a s  t h e  f i l a m e n t a r y  c o m p o s i t e  m a t e r i a l s .
Th e a s s u m p t i o n  t h a t  t h e  t r a n s v e r s e  d i s p l a c e m e n t  i s  a c o n s t a n t  
t h r o u g h  t h e  t h i c k n e s s  o f  t h e  s a n d w i c h  s y s t e m  l i m i t s  t h e  p o s s i b i l i t y  
o f  i m p o s i n g  d i s t i n c t  b e n d i n g  b o u n d a r y  c o n d i t i o n s .  As s t a t e d  by R e f .  3 5 ,  
i t  c o u l d  b e  do ne  by a s s u m i n g  a  l i n e a r  s t r a i n  v a r i a t i o n  t h r o u g h  t h e  c o r e  
a n d  e x p r e s s i n g  t h e  t r a n s v e r s e  d e f l e c t i o n  o f  t h e  c o r e  i n  t e r m s  o f  t h e  
t r a n s v e r s e  d e f l e c t i o n  o f  t h e  i n d i v i d u a l  f a c e s .  A l s o  by t a k i n g  t h e  
i n p l a n e  s t i f f n e s s e s  o f  t h e  c o r e  i n t o  a c c o u n t  w o u ld  g i v e  a p o s s i b i l i t y  
t o  h a n d l e  a  more  g e n e r a l  c l a s s  o f  c o r e  m a t e r i a l s  w i t h o u t  i n c r e a s e  i n  
t h e  number  o f  d e g r e e s  - o f  -  f r e e d o m .  The s t u d y  o f  t e m p e r a t u r e  a n d  
t e m p e r a t u r e  g r a d i e n t  e f f e c t s  w o u l d  a l s o  r e p r e s e n t  a u s e f u l  e x t e n s i o n  o f  
t h e  p r o p o s e d  m e t h o d .  The s t u d y  o f  d y n am ic  r e s p o n s e  o f  skew s a n d w i c h  
p l a t e s  w o u l d  be  o f  g r e a t  i m p o r t a n c e  i n  some p r a c t i c a l  a p p l i c a t i o n s .
A l s o  t h e  b u c k l i n g  p r o b l e m  o f  t h i s  t y p e  o f  p l a t e s  w o u ld  g i v e  a r e q u i r e d  
e x t e n s i o n .
F i n a l l y ,  t h e  p r o p o s e d  f i n i t e  e l e m e n t  a n a l y s i s  w o u l d  g i v e  
t h e  c a p a b i l i t y  o f  p r e d i c t i n g  some i m p o r t a n t  s a n d w i c h  c o n s t r u c t i o n s  t h a t  
c a n  be  m o d e l e d  by r e c t a n g u l a r  a n d  skew s a n d w i c h  e l e m e n t s  w h i c h  i s  
u s e f u l  i n  t h e  f i e l d  o f  s t r u c t u r a l  d e s i g n .
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OBLIQUE COORDINATE SYSTEM
F I G U R E  1
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SKEW SANDWICH PLATE ELEMENT
FI GUR E  4
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q
F a c e  2 
C o re  
F a c e  1
q ( L a t e r a l )
SYSTEM OF APPLIED LOADS
F I G U R E  5
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I I II I
. I I I- I I
( 2 , 1 )( 1 , 1 )
( 2 , 2 )( 1 , 2 )
IV
( 1 , 1 )
FOUR ADJACENT SKEW SANDWICH 
PLATE ELEMENT
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CLAMPED SKEW SANDWICH PLATE 
4 ELEMENT MODELING
F I G U R E  7
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4 a t  6.2 5 = 2  5
9 ELEMENTS 16 ELEMENTS
CLAMPED RECTANGULAR SANDWICH 
PLATE MODELING
F I G U R E  8




















4 a t  2.5=1 (5
 L  L
i j _ _
16 ELEMENTS
SIMPLY SUPPORTED RECTANGULAR 
SANDWICH PLATE MODELING
F I GURE 9







2 q t  2 0 4 0
\
/ / / / / / /
0 "
4 ELEMENTS
4  a t  1 0  —  4 0
[6 ELEMENTS
CLAMPED SKEW SANDWICH PLATE 
MODELING (4EL.  AND 16 E L . )
F I G U R E  1 0
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6 a t 6.67 =  4 0
 A.
— X
/7~7'Z~ v y y  /  /
CLAMPED SKEW1 SANDWICH PLATE 
36 ELEMENTS MODELING
F L G U R E 1 1
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F o r c e  R e s u l t a n t s N
t f
Moment R e s u l t a n t s
STRESS AND MOMENT RESULTANTS
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MOMENT RESULTANTS IN THE X,Y DIRECTIONS
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F u l l y  Clamped a n d  S i m p l y  S u p p o r t e d  R e c t a n g u l a r  
S a n d w ic h  P l a t e  Und er  U n i f o r m  P r e s s u r e  
C e n t r e  D e f l e c t i o n  i n  I n c h e s  
F o r  q =  1 p s i
Condition
o f
S u p p o r t
Cf
i n
Gc l b / i n ^ L a g r a n g e  -  H e r m i t e H e rm i t e  -  He rmite
R e f .
( 3 1 )
R e f .  
( 26)
R e f .
( 3 5 )Gxz Gyz
4EL 9EL 16EL 4EL 16EL
F u l l y *
Clamped 0 . 0 1 5
5 0 , 0 0 0 5 0 , 0 0 0 0 . 0 5 8 5 8 0 . 0 8 2 9 5 0 . 0 8 8 4 8 0 . 0 9 3 2 0 . 0 9 3 0 .  0943 ------
-------------------
0 . 0 9 3 3
S i m p l y '
Supported 0 . 0 2
7 5 , 2 0 0 3 2 , 9 0 0 6 . 1 0 5 x l 0 “ 3 6 . I 9 0 x l 0 ~ 3 6 . 2 6 0 7 x l 0 ~ 3 6 . 3 x l 0 " 3 6 . 2 9 x lO -3 6 . 3 x l 0 ~ 3 6 . 3 x l O -3
* a  F u l l y  C lamped P l a t e  50 x  50 i n c h e s  
a  S i m p l y  S u p p o r t e d  P l a t e  20 x  20 i n c h e s
vO
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T a b l e  2
F u l l y  Clamped Skew S a n d w i c h  P l a t e  
C e n t r e  D e f l e c t i o n  ( i n )  F o r  C as e  A 
o f  Boundary C o n d i t i o n s
skew
a n g l e
P
t £ G L a g r a n g d  - H e r m i t e  a p p r o a c h H e r m i t e - H e r m i t ef
( i n )
c
p s i 4EL 16EL 36EL 4EL 16EL
i o 5 0 . 0 0 1 0 6 7 7 0 . 0 1 5 6 7 2 0 . 020 6 3 6 0 . 0 2 4 3 3 1 0 . 0 2 3 2 0 7
(BeRfc) 0 . 0 2 5 104 0 . 0 1 0 6 7 6 0 . 0  280 27 0 . 0 3 1 1 6 6 0 . 0 3 4 4 1 2 0 . 0 3 2 8 7 4
500 0 . 2 1 3 1 6 0 . 2 1 8 7 7
•
0 . 2 2 7 6 6 0 . 2 3 7 5 6 0 . 2 2 3 7 7
i o 5 0 . 0 0 1 0 0 8 1 0 . 0 1 4 0 5 7 0 . 0 1 8 3 7 3 0 . 0 2 1 0 7 3 0 . 0  20647
15° 0 . 0 2 5 l o 4 0 . 0 1 0 0 8 0 0 . 0 2 5 3 6 4 0 . 0 2 8 2 2 8 0 . 0 3 0 9 5 0 . 0 2 9 7 5 4
500 0 . 2 0 1 2 3 0 . 2 0 5 6 5 0 . 2 1 4 0 1 0 . 2 2 2 8 3 0 . 2 1 0 1 7
i o 5 0 . 0 0 0 8 3 7 8 0 . 0 0 9 9 0 6 1 0 . 0 1 2 6 8 7 0 . 0 1 3 5 3 3 0 . 0 1 4 2 6 4
30° 0 . 0 2 5 i o 4 0 . 0 0 8 3 7 7 0 . 0 1 8 6 0 8 0 . 020 7 4 2 0 . 0 2 2 1 8 0 0 . 0 2 1 8 2 1
500 0 . 1 6 7 1 3 0 . 1 6 9 2 9 0 . 1 7 6 1 6 0 . 1 8 1 6 9 0 . 1 7 2 6 0
i o 5 0 . 0 0 0 5 8 5 5 9 0 . 0 0 5 0 6 1 6 0 .0 0 6 3 3 8 7 0 . 0 0 6 1 3 3 2 0 . 0 0 7 1 3 8 5
45° 0 . 0 2 5 i o 4 0 . 0 0 5 8 5 4 8 0 . 0 1 0 7 0 7 0 . 0 1 1 9 1 1 0 . 0 1 2 1 4 3 0 . 0 1 2 4 8 8
500 0 . 1 1 6 6 1 0 . 1 1 7 9 3 0 . 1 2 2 6 0 0 . 1 2 3 3 8 0 . 1 1 9 7 7
i o 5 0 . 0 0 0 3 0 7 7 0 . 0 0 1 5 7 1 8 0 . 0 0 1 9 2 0 7 0 . 0 0 1 7 0 3 9 0 . 0 0 2 1 7 2 5
60° 0 . 0 2 5 i o 4 0 . 0 0 3 0 7 5 5 0 . 0 0 4 4 8 3 1 0 . 0 0 4 9 1 3 7 0 . 0 0 4 6 7 4 0 . 0 0 5 0 9 3 5
500 0 . 0 6 0 9 2 0 . 0 6 3 1 2 0 0 . 0 6 5 4 7 0 0 . 0 6 2 6 2 4 0 . 0 6 3 7 7 8
i o 5 -40 . 8 5 6 2 5 x 1 0 0 . 0001938L 0.00022472 0 .0001 90 92 0 . 0 0 0 2 4 6 5 9
75 ° 0 . 0 2 5
4
10 0 . 0 0 0 8 5 4 5 8 0 . 0 0 1 0 4 4 4 0 . 0 0 1 1 1 4 4 0 . 0 0 0 9 6 8 6 4 0 . 0 0 1 1 0 5 4
500 0 . 0 1 6 4 2 5 0 . 0 1 8 0 5 4 0 . 0 1 8 8 1 3 0 . 0 1 6 5 3 4 0 . 0 1 8 1 1 5
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T a b l e  3 
C lamped Skew S a n d w i c h  P l a t e  
C e n t r e  D e f l e c t i o n  ( i n )  C a s e  B 
o f  Boundary C o n d i t i o n s  
A s p e c t  R a t i o  =  1
skew





L a g r a n g e  -  H e r m i t e H e rm i t e - H e r m i t e
4EL 16EL 3.6EL 4EL 16EL
0 . 0
(R e c t . ) 0 . 0 2 5
i o 5 0 . 0 0 1 1 1 5 6 0 . 0 1 6 2 3 7 0 . 0 2 0 8 3 7 0 . 0 2 4 5 6 8 0 . 0 2 3 4 8 0
i o 4 0 . 0 1 1 1 5 5 0 . 0 2 9 4 9 6 0 . 0 3 2 2 3 1 0 . 0 3 5 5 0 8 0 . 0 3 4 4 2 4
500 0 . 2 2 3 0 7 0 . 2 4 3 0 6 0 . 2 4 6 1 0 0 . 2 4 8 3 0 0 . 2 4 8 3 3
i o 5 0 . 0 0 1 0 5 7 0 . 0 1 4 5 3 5 0 . 0 1 8 5 4 1 0 . 0 2 1 5 6 8 0 . 0 2 0 8 9 6
15° 0 . 0 2 5
i o 4 0 . 0 1 0 5 7 0 . 0 2 6 7 3 4 0 . 0 2 9 2 1 9 0 . 0 3 2 1 4 0 0 . 0 3 1 2 0 4
500 0 . 2 1 1 3 7 0 . 2 2 8 7 9 0 . 2 3 1 5 0 0 . 2 3 3 8 7 0 . 2 3 3 5 5
1 ° 5 0.00088966 0 . 0 1 0 9 7 0 . 0 1 2 8 1 7 0 . 0 1 4 3 4 7 0 . 0 1 4 4 6 2
30° 0 . 0 2 5 i o 4 0 . 0 0 8 8 9 6 5 0 . 0 1 9 7 1 7 0 . 0 2 1 5 4 0 0 . 0 2 3 5 4 4 0 . 0 2 2 9 9 8
500 0 . 1 7 7 8 9 0 . 1 8 9 0 3 0 . 1 9 0 9 5 0 . 1 9 3 4 9 0 . 1 9 2 5 0
i o 5 0.00063897 0 . 0 0 5 1 9 3 4 0 . 0 0 6 4 1 1 5 0 . 0 0 6 8 0 7 4 0 . 0 0 7 2 7 6 2
45° 0 . 0 2 5 i o 4 0 . 0 0 6 3 8 9 6 0 . 0 1 1 4 7 1 0 . 0 1 2 4 5 9 0 . 0 1 3 3 9 6 0 . 0 1 3 3 0
500 0 . 1 2 7 7 4 0 . 1 3 2 4 1 0 . 1 3 3 4 1 0 . 1 3 5 4 3 0 . 1 3 4 3 4
i o 5 0 .00035145 0 . 0 0 1 6 1 8 7 0 . 0 0 1 9 5 2 7 0 . 0 0 1 9 8 0 4 0 . 0 0 2 2 4 2 7
60° 0 . 0 2 5 i o 4 0 . 0 0 3 5 1 4 2 0 . 0 0 4 8 9 1 7 0 . 0 0 5  2082 0 . 0 0 5 4 0 7 6 0 . 0 0 5 5 2 0
500 0 . 0 7 0 1 7 6 0 . 0 7 1 4 8 2 0 . 0 7 1 8 0 4 0 . 0 7 2 2 9 1 0 . 0 7 2 1 7 9
i o 5 0.C0010 3 2 2 0.000 206 27 0 . 0 0 0 2 2 6 7 0.00022965 0 . 0 0 0  26 264
75 ° 0 . 0 2 5 i o 4 0 . 0 0 1 0 3 1 7 0 . 0 0 1 1 6 9 3 0 . 0 0 1 2 0 4 2 0 . 0 0 1 7 2 0 0 . 0 0 1 2 3 4 6
500 0 . 0 2 0 4 1 5 0 . 0 2 1 0 9 7 0 . 0 2 1 2 6 0 0 . 0 2 0 5 5 9 0 . 0 2 1 1 6 8
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T a b l e  4 
C o m p a r i s o n  o f  R e s u l t s  
F o r  C e n t r e  D e f l e c t i o n  o f  Skew 
Clam ped  S a n d w i c h  P l a t e  ( A s p e c t  r a t i o  =  l )  
C a s e  {3
skew
a n g l e
P!
fcf
( i n )
G P r e s e n t  S o l u t i o n R e f .
( 2 )
c
p s i 4EL 16EL
0 . 0
( R e c t . ) 0 . 0 2 5
1 0 5 0 . 0  24568 0 . 0 2 3 4 8 0 -----
i o 4 0 - 0 3 5 5 0 8 0 . 0 3 4 4 2 4 —
500 0 . 2483C 0 . 2 4 8 3 3 —
i o 5 0 . 0 2 1 5 6 8 0 . 020 8 96 0 . 0 2 1 0
15° 0 . 0 2 5 i o 4 0 . 0 3 2 1 4 0 0 . 0 3 1 2 0 4 0 . 0 3 2 2
500 0 . 2 3 3 8 7 0 . 2 3 3 5 5 0 . 2 4 3 0
i o 5 0 . 0 1 4 3 4 7 0 . 0 1 4 4 6 2 0 . 0 1 4 6
30° 0 . 0 2 5 i o 4 0 . 0 2 3 5 4 4 0 . 0 2 2 9 9 8 0 . 0 2 3 7
500 0 . 1 9 3 4 9 0 . 1 9 2 5 0 0 .  2020
i o 5 0 . 0 0 6 8 0 7 4 0 . 0 0 7 2 7 6 2 0 . 0 0 7 3
45° 0 . 0 2 5 i o 4 0 . 0 1 3 3 9 6 0 . 0 1 3 3 0 0 . 0 1 3 9
500 0 . 1 3 5 4 3 0 . 1 3 4 3 4 0 . 1 4 2 0
i o 5 0 .0 Q 1 9 8 0 4 0 . 0 0 2 2 4 2 7 0 . 0 0 2 2 9
60 ° 0 . 0 2 5 i o 4 0 . 0 0 5 4 0 7 6 0 . 0 0 5  20 0 . 0 0 5 8 3
500 0 . 0 7 2 2 9 1 0 . 0 7 2 1 7 9 0 . 0 7 6 5
i o 5 0 . 0 0 0 2 2 9 6 5 0 . 0 0 0  26264 ----
75° 0 . 0  25 i o 4 0 . 0 0 1 1 7 2 0 0 . 0 0 1 2 3 4 6 ----
500 0 . 0 2 0 5 5 9 0 . 0 2 1 1 6 8
-----
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T a b l e  5 
R e s u l t s  o f  a  C lamped Skew 
S a n d w i c h  P l a t e  ( A s p e c t  R a t i o  =  1 . 5 )
skew
a n g l e
P
fcf  




( i n .  )
i o 5 0.040190
0 . 0 0 .025 i o 4 0.055538
( R e c t )
500 0.35062
i o 5 0.035520
o
15 0 .025 i o 4 0.049921
500 0.32818
i o 5 0 . 0  24038
30° 0 .025 10* 0.035807
500 0.26649
i o 5 0.011579
45° 0 .025 i o 4 0.019644
500 0.18099
i o 5 0.0033135
60° 0.025 i o 4 0.0074927
500 0.092987
i o 5 0.00034393
75° 0 .025 i o 4 0.0015016
500 0.025660
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TABLE 6
F a c e  Moments a n d  S h e a r  o f  t h e  C o re  R e s u l t a n t s
F o r
Clamped Skew S a n d w i c h  P l a t e  
A s p e c t  R a t i o  =  1
o
p t fi n
Gc
p s i
W C e n t r e  
i n
( e d g e )  „
M xio"
1 b i n / i n
( e d g e ) _2 
M_ricxlO 
^ l b i n ^ n
( C e n t r e !
M xlO
l b i n / i n
( e d g e )
Qc *
l b / i n
i o 5 0 . 0  2348 0 . 3 7 5 3 - 0 . 0 0 3 1 9 - 0 . 1 8 5 6 22.  27
0 ° 0 . 0 2 5 i o 4 0 . 0 3 4 4 2 0 . 2 6 9 8 0 . 0 9 3 4 - 0 .  2245 1 6 . 0 0
500
0 . 2 4 8 3 3 - 1 . 2 3 7 3 . 4 9 4 - 0 . 9 6 3 6 1 3 . 3 5
i o 5 0 . 0 2 0 8 9 0 . 3 3 6 3 0 . 0 0 2 9 - 0 . 1 7 5 8 1 9 . 7 0
15° 0 . 0 2 5 i o 4 0 . 0 3 1 2 0 0 . 2 4 8 3 0 . 1 6 8 7 0 . 2 1 4 1 1 4 . 8 6
500 0 . 2 3 3 5 5 - 1 . 0 8 9 5 . 0 0 5 0 . 9 5 9 9 1 2 . 7 2
i o 5 0 . 0 1 4 4 6 0 . 2 3 6 8 0 . 0 1 8 5 8 - 0 . 1 4 8 7 1 3 . 6 6
30° 0 . 0 2 5 i o 4 0 . 0 2 2 9 9 0 . 1 8 9 7 0 . 2 6 9 1 - 0 . 1 8 5 7 11.  94
500 0 . 1 9 2 5 0 - 0 . 7 0 4 8 6 . 3 3 7 - 0 . 9 5 0 9 1 0 . 9 7
i o 5 0 . 0 0 7 2 8 0 .  1206 0 . 0 3 4 2 9 - 0 . 1 0 8 4 7 . 8 6 9
45° 0 . 0 2 5 i o 4 0 . 0 1 3 3 0 0 . 1 1 1 7  ■ 0 . 3 4 3 8 - 0 . 1 4 5 9 8 . 3 7 7
500 0 . 1 3 4 3 4 - 0 . 2 4 6 9 6 . 9 4 4 - 0 . 9 4 4 4 8.  364
i o 5 0 . 0 0 2 2 4 0 . 0 3 5 7 0 . 0 3 6 9 1 - 0 . 0 5 9 1 8 4.685.
60° 0 . 0 2 5 i o 4 0 . 0 0 5 5 2 0 . 0 4 0 9 6 0 . 3 3 4 6 - 0 . 1 0 1 0 5.  206
500 0 . 0 7 2 1 8 0 . 0 6 0 3 3 6 . 1 9 7 - 0 . 9 3 5 7 5 . 3 6 6
i o 5 0 . 0 0 0 2 6 0 . 0 0 3 0 8 0 . 0 2 2 5 7 - 0 . 0 1 5 5 2 . 5 5 5
75° 0 . 0 2 5 i o 4 0 . 0 0 1 2 3 0 . 0 0 3 6 7 0 . 2 1 1 0 - 0 . 0 5 2 7 2 . 5 6 3
500 0 . 0 2 1 1 7 0 . 0 1 0 2 2 3 . 5 2 2 - 0 . 7 5 3 5 2 . 4 4 6
Qc i s  g i v e n  a t  t h e  c e n t r e  o f  t h e  e d g e
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APPENDIX ' A 1 
LAGRANGE AND HERMITE INTERPOLATION POLYNOMIALS
T h i s  s e c t i o n  d i s c u s s e s  b r i e f l y  t h e  s e l e c t i o n  o f  t h e  d i s p l a c e m e n t  
f u n c t i o n s  i n  o r d e r  t o  s a t i s f y  t h e  g e o m e t r i c  a d m i s s i b i l i t y  r e q u i r e m e n t s  
a s  s t a t e d  i n  t h e  p r e v i o u s  c h a p t e r s .  T h e  d e t e r m i n a t i o n  o f  t h e  one  d i m e n ­
s i o n a l  H e r m i t e  i n t e r p o l a t i o n  p o l y n o m i a l s ,  u s e d  t o  r e p r e s e n t  t h e  d i s p l a c e ­
m e n t  v a r i a b l e s  i s  p r e s e n t e d  f o l l o w i n g  t h e  same a p p r o a c h  a n d  n o t a t i o n s  a s  
g i v e n  i n  R e f .  14 ;  t h e s e  p o l y n o m i a l s  H ^ ^ ( s )  h a v e  t h e  p r o p e r t i e s :
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(N + 1 ) :  K =
d H ^ ( s  . ) / d s  =  0 I Hi J
I
r
’N (N ) ,  w  N r  d Hm . v s . )  / d s  =  L . . Nx J xj
w h e r e :  N i s  t h e  num ber  o f  d e r i v a t i v e s  t h a t  t h e  s e t  c a n  i n t e r p o l a t e .
( i ,  j  =  1 ,  2) a r e  i n d i c e s  r a n g i n g  o v e r  t h e  nu mber  o f  s t a t i o n s .  K i n d e x  
r a n g i n g  o v e r  t h e  number  o f  d e r i v a t i v e s  t o  be  i n t e r p o l a t e d  (K =  0 -* N ) .
Sj a r e  s p e c i f i c  v a l u e s  o f  t h e  a r g u m e n t  s ,  o f  t h e  p o l y n o m i a l  a t  t h e  
s t a t i o n s .
( i )  C o n s i d e r  t h e  c a s e  w h e r e  (N =  0 ) ,  z e r o  o r d e r  i n t e r p o l a t i o n  p o l y ­
n o m i a l s ,  w h i c h  i s  d e f i n e d  a s  L a g r a n g e  i n t e r p o l a t i o n  f u n c t i o n .
I f  =  0 ,  g ^ =  a  t h e s e  r e q u i r e m e n t s  becom e:
H( ° }( o )  =  1o l
H ^ ( a )  =  0o l
H ^ ( o )  -  0o 2
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Two p o l y n o m i a l s ,  a n d  h a v i n g  t h e s e  p r o p e r t i e s  i s :
„ ( ° > U )  -  - 2 -  =  - i t i i
o l  s i ~ s 2 3
H( ° ’ ( s )  =  = J
o 2  2~ 1
T h e s e  p o l y n o m i a l s  c a n  o n l y  i n t e r p o l a t e  t h e  f u n c t i o n  i t s e l f  b u t  n o t  t h e  
d e r i v a t i v e s .
I n  c a s e  o f  two d i m e n s i o n a l  p r o b l e m s  f o r  e x a m p l e  i n  t h e  s ,  r  p l a n e ,  
w h e r e  r ^  =  0 ,  r ^ ~ h ,  t h e  d i s p l a c e m e n t  f u n c t i o n  w i l l  t a k e  t h e  f o r m :
2 2
a ( s r ) =  E £  H( o ) ( s )  H( o ) ( r )  a . . ( A . l )
i = l j = l  01 ° J 1J
T h i s  f u n c t i o n  was  t a k e n  t o  a p p r o x i m a t e  t h e  membrane d i s p l a c e m e n t  p a t t e r n s  
o f  t h e  s a n d w i c h  e l e m e n t  i n  t h e  f i r s t  a p p r o a c h  a s  i n  E q .  3 . 1 .
( i i )  I f  N =  1 a n d  i ,  j  =  1 , 2  a n d  s^  =  0 ,  ^  =  a t h e  r e q u i r e m e n t s
a r e  :
H( | ^ ( o )  =  1 d H ^ ( o ) / d s  =  0o l  o l
H( ^ ( o )  = 0  d H( ^ ( o ) / d s  -  0o 2  o 2  '
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1 1 2
h [ ^ ( o ) = 0  d H ^ ( o ) / d s  =  1
H ^ t a )  = 0  d H ^ ( a ) / d s  =  0
h J ^ ( o ) = 0  d H ^ M / d s  =  0
h [  2^ a ) =  °  d H1 2 ^ a  ^^d'S = 1
A s e t  o f  f o u r  p o l y n o m i a l s  s a t i s f y i n g  t h e s e  r e q u i r e m e n t s  a r e :
H( J^ (  s) =  !  ( 2S3 -  3a s 2 +  a 3 )
o l a
H ^3 ) ( s ) =  -  - 3 ( 2 s3 -  3a s 2 )
a
Hl l ) ( S) =  ~2  ( s 3  " 2a £'2 + a 2 s )a
h ‘ J> ( . )  -  i 2 ( S 3  -  a , , 2 )
a
T h e s e  a r e  known a s  t h e  o s c u l a t o r y  f i r s t  -  o r d e r  H e r m i t e  i n t e r p o l a t i o n  
p o l y n o m i a l s .  T h ey  c a n  i n t e r p o l a t e  a f u n c t i o n ,  f ( s ) ,  a s  w e l l  a s  i t s  
d e r i v a t i v e  f ( s ) , a t  t h e  two s t a t i o n s  o ,  a .  I n  c a s e  o f  a two d i m e n s i o n a l
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p r o b l e m  i n  t h e  s , r  p l a n e  w h e re  r ^  =  0 ,  =  b t h e  a s s u m e d  d i s p l a c e ­
m en t  f u n c t i o n  A ( s , r )  c a n  be  w r i t t e n  a s :
2 2
A(s , r )  -  E E [ H ^ ( s )  H ^ ( r )  A. .  + H ^ l ' s )  H ^ ( r )  A . .
i  =  1 j  = 1 01 ° J  1J  ° J  S 1 J
+ H ^ ( s )  H f ^  ( r ) a . . + l i j ^ l s )  H j ^  ( r ) A . . ]o i  i j  n j  l j  s n j ~
T h i s  d i s p l a c e m e n t  f u n c t i o n  i s  u s e d  i n  Eq .  3 . 2  t o  r e p r e s e n t  t h e  d i s p l a c e ­
m e n t  p a t t e r n s  o f  t h e  skew s a n d w i c h  p l a t e  e l e m e n t  i n  b o t h  c a s e s .
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APPENDIX 1B 1 
STIFFNESS MATRICES FORMULAS
The e l e m e n t s  o f  t h e  s u b m a t r i c e s  w h i c h  m ak es  up t h e  e l e m e n t  s t i f f n e s s  
m a t r i c e s  i n  t h e  two p r e v i o u s  m e n t i o n e d  a p p r o a c h e s  ( E q s .  3 . 2 3 ,  3 . 2 8 )  a r e  
g i v e n  a f t e r  i n t e g r a t i o n  i n  t e r m s  o f  t h e  i n t e g e r  p o r t i o n  o f  t h e  d i f f e r e n t  
c o m b i n a t i o n s  o f  t h e  L a g r a n g e  a n d  f i r s t  o r d e r  H e r m i t e  i n t e r p o l a t i o n s  
a n d  t h e  d i m e n s i o n s  a n d  p l a t e  p r o p e r t i e s  a s  f o l l o w s ,  
a )  L -  H A p p r o a c h :
k
( u f u f ) ^  Bf l  ^ _ ( l )  , , a s n _ ( 2 ) ,  „ _ ( 3 )
i j  M
C
r i u \ - o  v j - ; ,  ( \ "D v  ^a  / ■>{ —J Bn1 q .  . +  [ —) B q .  . +  B. q .  . jL a  11 n i j  b 12 n i j  13 i j  J
+  a b q  f ^  ^ (B.  l a  )
C i j
( u cv r ) B .
, 1 r  11 f-n , U T, '  1  I , T, In  1U\k.  . =  ——  (B q .  . +  — B_„ q .  . +  B„ q .  . j ( B . l b jx j  M 21 a  22 ^ i j  23 n i j  J
(V fV f)  _  b ( 1 )  a  ( 2 )  ( 3 )  -i
i j  M ^a 31 q i j  b q i j  32  q i j  ^
£
+  zr-  a b q f  ^  (B.  l c )C i  j
(u  u  ) C , v
i 1 2 1 , 1 6 /  fl)k .  . =  -  —  a b q .  . ( B . I d )
i j  c i j
(v  v  ) C , v
i 1 2   2 , 1 6 )  / . \k.  . =  —  a b q .  . i B . l e )
i j  C
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( u  w)
k .  . 
i j
3 , (7 )  c d j  Y i j—  b q . . a J b 
C • x j
(v  w)
k .  .
i j
-  i  ( C ,  b q l 7 , +  C a q ( 8 i bT i JC 4 Hx j  5
(u„w)
k .  . 
i j





i  <C, b q l 7 ) + C .  a q < 8 ) ) a " ^  bW  C 4 n i j  5 x j  1
, (ww) k .  . 
i j
2 D 2 , . 2 (1 0 )
V r f  ( 9 ) l b \ <1 • •
S  1— r  [ I r i  q .  . +  ( r )  ^ J^ a b  b x j  a
, „ r l a \ ( 1 1 )  ^  ( 1 2 )-, ( 13)
+  B y i  f  ( 1 )  q  • ■ "b ( ' q  • • J + b . „  q . . + B .41 L b ^ i j  a  x j  J 42  n x j  43
a A'i j b ^ i j  
B c o s ^ p
, , _ r .  , b i  ( 1 6 )  _ ,a> ( 1 7 )} +  C,  [C (—) q . . +  C - ( - )  q .  .J 6 L 7 a  x j  8 b x j
+  C ,  q < 5 8 ) } a U J b ^ / S
w h e r e :
f  = 1 ,  2 c o r r e s p o n d s  t o  f a c e  o n e  o r  two .
M =  6 x  6 ; C =  60 x  60 ; B = 420 x  420
B f i  =  Bf  c o s  (3
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( B . I f )  
( B . l g )  
( 8 .  l h )  
( B. 11)
(1 4  )j
i  j
( B . l j )
(B. 2a)  
( B . 2 b )
1 2
B11 = 1 +  2 t a n  |3 (1  -  Uf ) (B. 2c)
1 2
*12 = 2 Se°  M 1 ~ Uf   ^ ( B* 2 d ^
B13 ~  \  ^ 1 ~ Uf^ S6C ^ t a n  ^ ( B . 2 e )
B 21 =  (1  -  u ) (B. 2 f )
■^  (1  -  v ) s i n  p +  u s i n  p ( B . 2 g )
B23 =  u f  (B. 2h)
2 1 2B .  =  s i n  p +  — c o s  p ( l  -  v ) ( B . 2 i )
332 =  s i n  p (B. 2 j )
2 2B42 =  s i n  p +  u £ c o s  p ( B . 2 k )
B^^ =  2 s i n  p ( B . 21)
2 2 B43 =  4 s i n  p +  2(1 -  u ) c o s  p (B.2m)
\  =  Gxz COS P ^ c  ( B . 2 n )
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C =  G c o s ^  R / t  ( B . 2 o )2 yz  p ' c
C =  h c o s  6 G / t  ( B . 2 p )
3 r  xz  c
C. =  h c o s  B s i n  B G / t  ( B . 2 q )4 y z  c ^
C_ =  h  c o s  B G / t  ( B . 2 r )5 ^ y z '  c
2
C =  h  c o s  p / t  ( B . 2 s )
2
C =  G + G t a n  R (B. 2 t )7 xz  y z  r
o
CQ =  G s e c  R ( B . 2 u )8 yz  v
Cn =  G s e c  p t a n  p ( B . 2 v )9 y z  r  K
(k )T he  c o n s t a n t s  q .  . w h e r e  k  =  1 ,  2 ,  . . . . .  18 a r e  e l e m e n t s  o f  t h e
i j
m a t r i c e s  co m posed  o n l y  f r o m  t h e  i n t e g e r  p a r t  o f  t h e  f o l l o w i n g  i n t e g r a l s :
[Q( l ) ] =  /  S  4 ° '  h f ° } d 5 d “H ( B- 3 a )
o o
P n ( 2 ) 1 obpa (o )  (o  )t  _ , .
[Q J -  J J H H d s  d n  (B. 3b)
o o 1 1
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[Q ( 3 ) ]
b aI I
o o
( H ^  H( o ) T  +  Hp °^T ) d § d r|
? ri n  5 1
( B . 3 c )




H ( ° )  r ( o )T
n §
d § d n ( B . 3d)
r ( 5 ) ]
b a
/ /  
o o
H(o )  h ( o ) t  




H ( o )  h ( o ) T ( B . 3 f )
[q ( 7 ) ]
b a
iio o d 5 d r] ( B . 3 g )
b a11
o o
H(0 )  H(1)T
n
d § d  n ( B . 3 h )
[ q ( 9 ) ]
b a
no o
„ ( 1 )  U( 1 ) T  , _ ,
" ? ?  « 55 d S d ^ ( B . 3 i )
[Qll0)]
b ano o H( l )  „ ( 1)T H H d § d ni t ! 'nn ( B . 3 j )
[ Q U l ) ]
b a
I Io o
(1 )  „ ( l ) T  , „ ( 1 )  „ ( 1 ) T x , _ ,H_ H + H H__ J d 5 d ri55 Sn «
( B . 3 k )
[ q 1i 2> i  =
b a
JJo o
( I )  ( 1 ) T  , „ ( 1 )  „ ( l )T v  , _ ,H H_ + H _  H j d F a n  
T1T1 c,r\ §T1 in  1 ( B . 31)




H( l )  h U ) T  d d
5n nn
( B . 3 n )
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[Q^1 5 N  =  J1 J  H ^ T d 5 d T| ( B .3 o )
o o
[Q^1 6 ^]  =  J  J  H*l} H^1)T d § d n  ( B . 3 p )
o o
TQ( 1 7 ^ ]  =  J J h ( 1 ^ H ( 1) T d ? d n  ( B . 3 q )
o o ^  ^
[ q ^ 1 8 ^]  = f J  H( l )  H ^ T +  1  ^ H ^ 1 d F, d ri ( B. 3 r )J J § Ti 5 - '
( k )The v a l u e s  o f  q .  . , k  =  1 ,  2 . . . , 1 8 ;  «  . ,  y . . ,  . a n d  p. . . a r e  g i v e n
i j  i j  i J  i J  !J
i n  t a b l e s  B . l  t o  B . 4 .  
b )  H -  H A p p r o a c h :
I n  t h i s  c a s e  a l l  t h e  c o m b i n a t i o n s  a r e  i n  t e r m s  o f  t h e  f i r s t  o r d e r  
H e r m i t e  i n t e r p o l a t i o n  p o l y n o m i a l s .
k W  .  t [(t) (16) + , t ,  B qtl7) + B (18)1
i j  L f l  c a  11 x j  b 12 ^ i j  13 i j
+  C. a b q f ^ j a ^  b ^ / B  ( B. 4a )
1 i j  J
k , V £ )  =  Bf , { B „  q ( 5 > + (~)B „ , <16) + B „  q ' 6 ) 1 « U 3  b ^ / f ci j  f l  *■ 21 n i j  a 22 ^ i j  23 n i j  '
( B. 4 b )
(Vf V f ) Pt, n h ) n ( 1 6 )  a. l a ) ( l 7 )  a. v ( l 8 ) J
Si j  =  [Bf l  { ( I ] B31 q i j  +  ( b ] q i j  3 2 ^ i j  3
+  C a b  1 a ^ ' '  b ^ ^  /B ( B. 4 c )
2 x j
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k ! . 1 2 =  - {C a b  q ! 4 ) l a h j  b ^ / B  ( B . 4 d )x j  L 1 Mi j
k .  P  =  -  [C a b ' q 4' .  j a ^  b ^ ^ / B  ( B . 4 e )x j  L 2 n x j
k .  1 = -  C (b q ! 7 ^} a k j  b ^ ^ / B  ( B . 4 f )x j  3 Mx j  J
1 ^V1W  ^ r „ K “ ( 7)  , r  - ( 8 )  ■> \ i  j  | i i j  , 1-0 / \k .  . =  -  [C.  b q .  . +  Cc a  q .  . j  a  b J /B ( B . 4 g )x j  4 n x j  5 i j
k  ^ =  {C3 b q j 7 ^} a X l j  b ^ / B  ( B . 4 h )
i j  1J
, ^ V2W  ^ j- u 7 ) _l  r  - ( 8 ) - ,  A.i j  jLLi j  - I-o /  • \k .  . =  {C, b q .  . +  C,  a  q .  , | a  b J /B ( B . 4 x )x j  L 4 x j  5 x j  '
, (ww) 3  rP f  1-/3)^  ( 9 )  / b % 2 (1 0 )k .  . =  r E .  [—  I I—J q .  . +  q .  .x j  f = l  la b  b x j  a  x j
, * r r a t ( n )  ^  ( h  ( 1 2 ) i ^ t >  ( 1 3 )  ( 1 4 ) .+  B/1 [ L  ) q .  . + (  ) q . .  j  +  B . 0q . . + B . _ q . .41 b nx j  a  x j  42  x j  43 xj
\ x j  b ^ i j  b ( 1 6 ) a ( 1 7 ) ( 1 8 )
----------   1 +  C, [ C _ ( - )  q .  . +  C_(—) q .  . +  CQq . . {3 6 L 7 a  x j  8 b x j  9 x j
B c o s  p
a ^ i j  ^ i j
( B .  4 j  )
( k )
w h e r e  a l l  t h e  q „  a r e  t h e  same a s  t h o s e  g i v e n  i n  E q s .  B3 a n d  i n  a d d i t i o n  
t h e  j k  =  4 ,  5 ,  . . . , 8 a r e  t h e  e l e m e n t s  o f  t h e  m a t r i c e s  [Q^J
g i v e n  b y :
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_ ( k )
The v a l u e s  o f  q , k  =  4 ,  5 ,  . . 8 ,  \ i j  a n d  p i j  a r e  g i v e n  i n
t a b l e  B . 5 .
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TABLES B l ,  B 2












1 1 1 2 1 l ■ C..
I > _  1 •'1 < ■ j _r - 9
1 '•! ('■ -  ] ' _  c - 1
1 4 f- t , — Q Cp 9
2 1 / -  ] / -  1 O 9
2 9 1 ^ ] x -  1 <• - A
p 7 -  1 r c- j _  o 7
p 4 — 1 :■ <■' i
">
1 — 9 -  ]■' _ f  ? -  ° 1
'7 9 ,—iI i -  C) C\ 7
3 '7.. J 1 7 1 X ! <: i o A
3 4 ” 7 Q _  c 9
4 - 1  ■' 9 f ■"< -  c n
i ‘t p -  . 1 Q c. i
I 4 > — ) -  0 c - 7

















O - 7  0




9  7  '• 
t , 7  n
2  7 4  
7 7 0
i - ? 7 ; -  3  ! ■: ■ '' r. 7 / ,  ~ 0; f  1 f :
1 A -  o  0 -  2  7 . 2 o 4 7  7 > '7 q
2 1 ]  r  3 -  3 1 1 0 ] — /: '' -  <•' 0 ] 7 3
2 7 4 , > ' t1 1 0 7 — 1 ' _  ; i 1 q
? p -  : 1 1 0 7 1 0  6 _  9  C- i 9
p 4 - 1  o 1 1 0 4f 4  P _  0',- 9 i ■■ i
p
1 - c 3 1 : > 1 1 3 l _  / _  a  r. o 1
3 2 -  ] ‘ r ; ] 1 1 9 _  O .7 A
p - - f .  0 -  4 : ! 1 1  3 7 - 9  "i 1 c p 1
p 4 — C - '■ 4  -- 1 1 1 4 J - 1  0  v i
4 1 1 1 I 1 1 2 1 1 j 1 0 1 }
4 7 1 n _ • iL
1 1 1 2
7
) !“ — 1 9' ) )
4 2 -  1  C -  1 i . 1 1 1 2 7 - I p _  1 A 1 i
4 "t" -  1 3 l  o 1 1 3 4 - 1 0 1 A ] i
b 1 -  /  I / .  - »' : 1  3 1 4  7  . 7 -  ?  7 () . { )
b '■) -  '  /-• 7  ^  r 1  7 2 3  7  O -  ?  7 0 f '
r . 7 — o  .’ 7  7 r 1  3 j 2 7  0 -  { - r ; 9
c .
4 - " ■ ?  :
9  7  r 1 V. 4 (■ '■ 7 -  / .  '  r. \
1 A  1 - 7  ( 1 \ 1 4 1 _  1 r .  c: ] !
I , p 1 ■ ; .-•> r- 1 1 4 '; -  4  S \ : 1 .)
f-. 3 -  1  p  3 - 1 1 4 3 7 0 9  ;* • 1
6 4 _ / 1 4 4 1 • '1 r 1 >4
7 ] {• . ' — 1 ■') 7 1 c 1 7  * ? 4  ‘ i
7 7 ' ■; 1 ' r 1 1 5 9 , 9 _/ ,  r : i 1
7 3 9  ) 1 1 3 7 (■ ■ -  1  2 1
7 4 7. -  4  ^ t 1 o 4 1 ^ 7
6 I _  I 1 v:t 1I ] 1 6 1 -  1 7 -  1 0 1 I
Jk 7 -  1 ' ' ] C‘ 1 1 1 6 y - l , i 1 0 l >
O 7 ] ‘ 1 1 ) 1 6 9 [ 1 r- 1 1
P. 4 '! . ! “  ] ] I 1 4 4 1 ;■ - 1 r; } i
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TABLE B3
CONSTANTS AND EXPONENTS FOR SUBMATRICES
i j q ' 9 )
1 J
( 1 0 )
q i j
, U l )
i j
( 1 2 ) ( 1 3 )
q i j
( 1 4 )
q i j
, ( 1 5 >
i . l




1 1 7 P 4 7 4 n 7 0 6 7 4  0 r r. 5 0 0 0 7 7 3 5 4  01  a 3 4 3 3 6 r. 0
1 2 1 1 0  q P 0 7 0 4 1 7 0 r. 0 3 5 4  0 1 6 2 1 I 6  P 3 4  3 7 1 0
1 7 -j /- -j  ^ ^ 1 1 n t- 2 o 0 7 A 4  0 1 A 3 1 1 6  P. 3 4 3  7 n 1
1 4 ‘■ 3 4 4 0 s  4 4 4 0 _  1  9 7 q q — 7 A 7 A - 3 3 A 0  0 1 7  6 4 4 a 4 1 1
1 A - 7  3 4 2 4 ! ) 7 7 3  1 4  0 f) o- - 5 - 0  P 0 3 Z - 7  6 4 0 1 6 d A 7 4 n
1 6 -  1 1 <'■ r- 0 0 1 7 6  0  °  0 f) _ 1 7 5 3  p n -  7 6 q p 1 A -  7 1 1 6 >■ 1 1 p 8 0
1 7 3 0 3  1 2 0 -  6 5 5 7 0 O A; 4 2 3 3 6 7 1 1 6  8 -  7 0  2 7 0 1
1 3 4 3 4- 4 0 -  3 7 7 6 o 9 9 9  9 0 3 5 7 ?  0 2 1 1 6: 8 1 7  6 4 -  7 8 6 1 1
i q -  2 7 2 1 7' 0 -  7 7 7 I 6  C c 0 5 0  0 0 3 2 2 c 4 0 1 6 7 5 1 4 0 0
1 1 0 A 4 =■ 2 n 1 2 6  0 6 C r 1 7 4  4 0 0 _ /, 7 3 3 A -  7 1 1 6  « - 7  O 7 1 0
1 1 ] 13A0 * ? U i 7 fo,  0 0 0 - 4 7 7 3 6 . - 3 1 1 6 8 - 7  0 3 0 1
1 1 2 -  3 7 7 4 0 -  4 7 7 6  C -  9 9 ? 0 0 - 7 5 7 0 0 7 5 3 P 1 7  6 4 1 6  0 1 1
1 1. 3 2 7 2 1 4 0 - 7  p a  7 4 o {; 0 -  5 0  9 0 7 7 -  2 ' 4  0  1 6 B4  3 4 0 0
1 1 4 - 6 3 5 2 0 3 0  3 1 7  0 n () 4 ? 7 3  6 7 1 1 6  8 — 2 0  7 8 1 0
1 1 3 L 3 f43 o n - 1 1 0 5 8 0 -  I 9 0 4 0 0 0 -  7 6 4  0 1 6 - 7  1 1 6 ° 1 1 °  7 0 1
1 1 6 - 7 7 7 6 0 5 5 4 4 0 3 f-j ? p o 7  6 3  3 0 7 1 1 4  8 1 7  6 6 - 7  8 6 1 1
7 2 2 0  1 6  0 7 6 ? 0  5 0 0 3 p p  n p A 4  4  p 2 3 3  2 4 6 7  4 7 p
Oz' 7 6 4 4 4 0 5 5 4 4  0 3 -O ' 0 2, 3 6 7 0 0 2 1 5 2 0 5 1 7 ( 5 /, rt 4 1 1
2 4 1 0  0  Q n q 6 q 6  n 0 0 7 q 7 q u 7 7 5? 8 8 7 1
2 5 -  1 1 2 ?. p. 0 1 4 6 0 0 0 0 1 7 4 4  0 0 -  O P L 0  1 A - 7 1 1 6 8 1 I 8  6 i 0
2 6 - 2 0 H  0 4 ( ' 7 3  0 0 0 -  •• 4 4 a -  3 3 7 7 4 2 1 4 7 n
p 7 6 6 4 4 0 _  q q 7  c o - ? S ?  PO -  3 5 2 SO 7 1 1 4 8 1 7  6 4 - 2 8 6 1 1
2 q 1. 0 0  U o — 7 1 1 . q 4  7 0  4 7 3 5 ? — 6 7 7 1
? 9 _  a a c  7 n -  1 5 4.0 o 0 0 - ]  7 6 9  0 0 4 7  3 3 6 2 1 1 6  8 1 0 ? 1 q
2 1 0 ! 6 1 2 0 4 6 0 4 0 0 P 0 ? 0  0* 1 4  1 1 7 7 0 6 -  1 6 7 7 0
Of 11 7 2 7 6 0 3 2 7 6 0 3 3 3 a n 3 5 /  P 9 -  7 5 7 P -  1 7 4 6 -  1 6  q 1 1
7 1 2 -  7 3 6  0 -  1 0 u 3 0 _ S 7 .0 6 -  1 7 6  9 0 - 1 1  7 6 — 6 8 6 7 O' 7 1
2 i 7 7:5 5 7 0 - 3 0 7 1 7 r 0 0 -  4 7 3 7  6 - 3 1 1 6 8 2 0  7 8 1 0
2 1 4 -  1 4 1 7 0 1 3 1 0  4 0 0 0 -  1 4 11  2 -  7 0  5 6 - 4  6  p 3 ,n
2 1 5 7 7 7 4 n -  o 0 4  4  n _ 3 a p r. -  7 6 ? 0 n -  7 1 1 0  P -  1 7 6 4 7 °-6 1 1
2 1 AX - -  7  5 6  0 1 q 4 C: n 4 p p. n 1 7 6  9.0 -  7 0  5 6 — POP -  6. 6 7 1
-3 7 2 6  3 0  0 7 0 ]  6 0 7 r 3 n 0 n 6 4 4 4  8 2 3 2 7 4  ' A 7 6 n A
3 4 o q ; / q 1 0 0  HO 0 0 7 8 2 7 4 2 7  5 2 8 .8 1 7
3 3 _  q c  7 |  7 q 6 5 6  2 0 n 0 -  4 2 3 ’’ 6 - 7 1 1 6 8 3 0 ? 7 r\ 1
3 6 -  <\ <• 4/ .  0 3 3 7 4-. 0 - 3 6 7  BO — P 6 7 P 0 -  3 1 1 6 P - 1  7 6 4 3 8 6 1. 1
7. 7 1 3 1 0  o 0 -  1 5 ] 2 0 ' i; H -  1 4 1 1  2 - 7 0  5 6 - 4  6 r 0 7
3 q 1 5 4 0 0 -  7 6 6 0 1 7 • /. r 5 0 0 0 — 7 0 5 C — c: c p _  A ,A 1 7
3 q - 1 7  4 7  4 0 _  a r. r 7 r -  1 7 a 4 o n p 4 7 3 7 A 7 1 1  6  « I ? ? r. 1
7 ] 0 7 7 I t  0 ? 2 7  An 7 5 ? « r ? 6 7 6 0 -  7 5 7 8 -  1 7 6.4 - 1 6  0 1 1
3 1 1 4 5 7 ( 0 1 5 1 2  0 1 3 7 0  r 9 14  1 1 2 7 0 c 6 -  1 A 7 0 3
3 1 3 -  1 0  4  ? >3 -  7 r- r' - 1  7  AA P -  9 8 8 0 - I I 7  6 -  6 0 8 7 0 1 7
3 1 3 1 1 - 0 4 0 - 1  1 0 5  I50 1 7  6 4 7 C 0 -  7 6 4 0 1 a - 7 1 1 6 8 l i d 7 n 1
1 4 -  7 7 7 i  0 5 5 4 4 6 _  7 3 0 n -  3 9 7  3 9 2 1 1 0. 8 1 7 6 4 — 7 7 A 1 1
3 1 3 n 0 7 ? n -  ? o  1 o n 0 9 -  5 a 4 4 3 - 7 8 2 7 4 2 1 6 c 3
q 1 4 ' 4  "! 1 n o  i n q 9 4  7 ?  4 — A  7 1 7
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TABLE B3 ( C o n t i n u e d )
( 9 ) ( 1 0 ) ( 1 1 ) ( 1 2 ) ( 1 3 ) ( 1 4 ) ( 1 5 ) iV. .
1 J
ft. •i ji j q i j q i j " i j q i j " i j q i j q i j
o 6' '< 2 0 6  7 7 O' q ft •- 7 7 2 3 3 7 6 3 6 ft
p o — ft ft 7 o ft 6 4  4 ft i 4 9 u ;') ? 6 7 ? ft 7 ! 1 6 8 3 7 6 4 - f t  9* 1 l
0 1 0 7 ft ’7 -  1 °  4  3 0; -  5 ;■ (■ a -  1 7 6  4 0 7 p* 5 6 5 0. q C' 0 ft l
H ] 1 ft 1 ft 4 o -  1 3' ft ft 0 0 p -  4  7 ft 4 - 2  3 6 2 6 ft 3
ft 1 2 — ft 7  4 0 3->■ 6 0 0 0 -  1 5 6 8 - 7  8 4 - 3  2 •jd -y
q 1 5 3 7 7ft 0 ft 2 7 ft 0 - 7 5 ? q Q -  3 5 3 o 0 _ ft 4 ft 0 -  1 7 5 4 - 1 6 ,  ft 3 }
ft 14 — 7  ft A ft -  i n o p r, 5 4 ;■' 1 7 6 4 0 -  ! 1 7 6 — n P, p 7 n 7 1
ft 1 5 1 o °  9 ft 7 5  60' - 1 7 6 4  0 -  5 ft ft ft 1 1 76 6 B 8 _ft q 3
o 16 _  q r; q n — ft 1 - ft ft ? 0 4 0 ft c- /, (ft ft. ft p 3 c; 6 r. q n
q o 7 6 6 7 4 0 7 0 6 2 4  0 r, 0 6 0  p o B? 2 5 4 0 1 6 ft 4 2 3 4 0 f-
o 1 0 - 1  l_n ft 6 4 -  3 °  3 1 2 o 0 pi — 2 5 4 A 1 6 -  2 3 1 6  8 — ft A ft ft 1 ,A
9 1 1 - 3 ft I1 ] /  '• -  1 i ft ■ ■ 0 0 -  ? 6 4  01  6 -  ? I 3 6  c _  ft. a ft ft 0 ]
9 1 2 6 ft A 4 'ft 4 3 A 4 (' - 3 5 2 7  0 -  3 5 2 B0 ft q y (ft p 1 7  4 4 4 9 4 1 1
9 13 -  7 3 0 2 4 0 2 7 2 1 6  0 n 0 - 5 0  3 0 3 ? - 2 6 4 0 1 . 6 ? 4  ft 4 0 0
Q 1 1 1 1 ft 0 9 0 - 1 2  6 0 3 0 n 1 7 6 4 0  0 2 5 4 0 1  6 2 3 1 6  p -  11 1 8 3 0
o 1 6 -  3 4 7 1 ? O 6 4 5 2 9 p A -  4 7 7 ? 6 - 2 1 1 6 0 4  ^'1 A 0
9 16 ft ft 4  4  <! — 7 ft 7 4 0 3 5 2 4 0 3 3 ? Q 0> 2 1 ) 6 8 3 7 6 4 - f t  87 1 1
1 0 1 o 2 0  1 6 0 2 6 2 0 01 ' O 6 ?■ 2 r' 0 5 4 4 4 8 2 8 2 2 4 6  ft 4 ft pI
1 0 1 I ft ' A A ft o l7> 4  / ’ 1 j 7 6 ft 5 0 3 5  2 6 0 ? 1 6 2 0 6 3. 7 6 4 A >' r^ 1 1
10 1 2 -  1 0 0  ft 0 — 0 /, Cl A, O n — ft Q ft ft /, — ft ft 5 ft _ O O 9 1
10 L 3 1 1 0 0  o n -  I 3 6 0-S 0 -  3 7* 2 6 4 0 1 6 2 1 1 6 8 -  3 3 9 e 1 p,
10 1 4 -  2 ft 1 6 0 r- 0 7 ? 0 0 0 -  4 4 4  4 8 -  2 8 ft 2 4 ft 3 5 q A
1 0 I S 4 6 4  /t ft; _  -2. ? 7 £, f -  3 5 2 0 0 -  3 5  2 6 0 ? t 1 <’ 6 1 7 6 4 - f t p  4 1 1
1 0 1 -4 — 1 0 ; ’) ft ft ? ] Q 4  0 P 0 - 4  7 0 4 -  2 3  312 4 ? 2 3
11 1 1 7 , q p. ft n 2 0 1  4 0 9 ft ft j 0 0 5 6 4 4  p 2 Q 2 2 4 0  2 4 p, £
11 1 3 -  3 6 9 6 0 -  1 0  O' 0 C' q 0 -  ft ft 7 ft 4 - ?  3 5ft -  P 0 1 ft
11 1 3 V O  1 7 0 -  0 5 5 7 0 r 0 4  ? j ft 6 2 1 1 6 0 - 2  Oft P r- 1
11 I 4 “ 5 6 4 4 o 9 7 /. f _  5 : . 9 ;j A -  3 6 2  !!-0 -  ? i 1 f P - 1  7 6 4 ? 8  0 1 1
11 i q 1 9 1 0 4 0 . 1  c i  7 ,7 r r, -  1 4  1 1 2 -  7 0  5 4 - 4  6 9 n ft
11 1 6 “  1 ft 4 0 O 7 5 4 0 -  1 7 6 4  O -  6 ft ft ft 7 0  5 6 5 8 8 6. 6- 1 7
12 1 2 ft 7 7 0 6  7 7 0 0 n ■I ft 7 2 3 3 9 4 1 6 2 -)
1 ? 1 “I -  6 0 /, 4 ft- ft 7 7 4  0 7 5 7 p n ft 6 ft a 0 -  ? 1 1 6 2 -  1 7  6 4 2 8 6 1 1
1 2 1 ^ 1 C 0  o ft' - 2 1 6 4 0 Q A 4 7 0 4 ft ft 5 ft — 5 ft q 3
1 ? 1 6 -  1 3 4 9 f t 7 6 4 0 1 7 6 4  0 6 P ft ft 7 ( ) ^  /S P O P 1 6 1 ft
1 2 1 6 0  3 6 ft - 5 0 4 0 p 0 -  1 5 6 8 - 7  8 4 - 1 ft p —V
1 3 ! 3 7 6 ft. 2 4  r? 7 3 6 2 4 0 0 0 r( p, 0 0  3 ft 2 6 4 0 1 . 6 2 4 3 9 0 r, n '
1 3 1 4 - 1  1 0 3 8 9 - 2 9 3 1 2 0 0 0 -  ft 1 4  0  1 6 - 2 1 1 6 8 -  p a, ft ft 1
1 9 1 ft 7 O ft 1 ft n 1 1 0 9 0 O: 0’ 0 2 6 9  0  1 6 ft] 3 4 ft 4 ft ft p 1
1 3 1 6 -  6 ft 4  a ft -  3 ft 4 4 0 _ ft s  ft ft r _  ft 9 9 0 n — 3 8 6 ' 6, - 1  7 6 4 — 4 9 4 1 1
14 ] 4 2 1 1 1 6 ft 2 6 2 0  06! 0 -  fi 3 2 0  0 5  4 4  A p 2 8 2 2 4 -  ft 4 ft 0
1.4 1 4 -  5 r  4 4- 0 - 5 5 4 *0 3 6 ft •’ 0 3 5 2  BO -  2 1 5 ft 0  8 - 1  77 4 - 4  0 4 1 1
1 4 1 4 1 9  0  6 0 3 6 9  6.0 0 0 2 6 2 ft 4 ?  ft 5 2 0  0 2 1
1 9 1 S 2 6  2 0 0 0 ' ft 0  1 01 ' -  ? 0  .2 0  0 0 5  . A 4 P ?  8 ?  2 4 6.2 4 r-i , 0
1 5 1 h -  7 6 ft A o _ 1 0  c Q 0 0 0 - 2  3 2 2 4 -  ft ft 6 ft - P S l 0
1 A 1 4 4 7 7 0 6 7 2 P n ft 4 ? 7 2 3 3 7 6' 1 7 7 7
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( 1 0 )
q i j
( 1 1 ) ( 1 2 )
q i i
( 1 3 )
q i j
( 1  a )  
q i i
( 1 5 )
q \  .
i j O j
4 4 6. 7  2 0 f - 7 ? 0 0 0 , ? 7 7 3 1 3 6 1 6 2 ?
4 *3 -  9 3 ' • '  0 3 7 ?  6 0 A 7 c; p 3 5 ?  8 0 -  2 1 1 6- 8 -  1 7 6  4 2  8 6 1 1
4 3 — 1 c 0  Q 0 2 1 3 4  0 0 0 - 4 7 0 4 _  ? 3  5 ? 5 2 *">6. 1
4 7 1 8 4 8 0 - 7  1 '• r; - 1 7 o 4  0 - 5 P  qp -  7 0  5 6 — 6 8 8 - 6 6 1 ?
4 P 3 3 9 0 - ‘ ■ 4. p n -  1 1 4  p. - 7  84 - 1 2 O22 q
4 o - - 7 7 6 0 -  ? ? 7 6- n — 3 5 2 E P -  7 6 2 8 0 3 r ? p. 1 7 6 4 1 6 ° 1 1
4 1 0 7 5  9-0 i  o  '■ ? o 5 5 ( ' 1 7 -A 4 0 1 1 7 6 5 p. 8 - 3  9 ? 1
4 11 1 0  93? P 7 5  4 C 1 7 6 4 o 5 Q 3 0 1 1 7 6 5 Q P -  ? 0 1 p
] 2 - 7 9  2  0 -  2 5 2 0 -  2 9  4 0 -  2 9 4 0 3 0 ? 1 9 6 p 2 2
4 n 3 2 7 -  c, 5 4  4  p 7 5 2 3, n ? 5 ? r> p, - 2 1 1 6  8 - 1 7 6 , 4 2  8 6 1 1
4 1 4 - " 3 6 0 1 E 4  A 0 — A Cl ,0 ,o -  1 7 6  4 0 - 7 0 5 6 _  6 p 0 -  a  4 1
4 1 5 2 1 3 4 0 _  f n p. p ( n 0 - + 7  0 4 - 2  3 5 ? 5 2 1 2
4 1 6 - 9  0 4 P 7 7 /,.r P 0 -  1 6 6- 8 - 7  3 4 - 1  2 2 p
' 5 r, 7 j; a ? i, o 7 8 / ? 4 0 p (1 q p. q Q 7, ? 2 9 4 0 1 6 ? p 3 ? A p r■,
r 6 1 1  0  E B 0 •j e  7 i 7 p r-V. 0 ? 5 4 0  1 6 2 1 1 6  0 3 4  3  2 1 0
5 7 - 3 9 3 1 2  0 -  1 1 0  8 3 (3 c z /*NU - 2 5 4 0 1 p -  2 1 1 6  8 -  3 L 3  ? 0 I
5 3 - 9  5 4 4 0 -  9 4  /, o -  3 5 2 n n -  3 5 ?  8 0 -  3 2  ^Q n -  1 7 6 4 - 4  P 4 1 1
5 Q 2 7 ? J. 6  0 - 7 5 6 2 4 0 0 0 - 5 0 8 0 7 ? - 2 6 4 0 1 4 P. A ? A n r.
5 1 0 _  f, q q 9 n 7 0 ? ) ? p 0 n 4 p 3 ? f 2 1 1 6  ? - 2 0 2 6 ] p
A 1 ) -  1 7 6 0  0 0 1 1 0 9  3 0 -  1 7 4 4  Of; 0 p 5 6 p 1 A 2 1 1 6 8 -  1 1 8 0 n 1
5 1 2 7 2 7 f - 0 -  C 0 4 /, p 3 5 3 0 p 3 5 2  8 0 -  2 1 1 6  8 -  1 7  6 4 2  8 6 1 1
5 1 3 - 2 7 2 1  0 - 7  7 2  1 6 0 0 f'1 6 0  8 0  3 2 2 5 4  0  1 6 2 9 1 6 c n
5 1 4 ( 5 c 7 1 3 6  0  2 0 0 -  1 7 6  4 0 0 _ 4  ;> 3 3 ,q -  2 1 1 6, 8 -  7 0  7 1 0
5 1 5 -  1 3 4 0 4 0 -  6  5 5 2 0 1 7 o 4 0  0 0 4  ? 3 3 A 2 1 1 6  9 7  0 ? rt 1
5 1 6 3 2 7  4 0 3  2 7  6 n -  3 5 ? ,° 0 -  3 5  2 8 0 -  3 5 2 8 -  1 7 6 4 - 1 6 9 1 1
6 6 ? 0  1 ft 0 2 o  2 0  8 0 r _ 0 r, i •p, 5 6 4 4 8 2 3 2 2 4 6  2 6 ? r
6 7 -  5 5 4  4  0 — q 5 4 u  0 3 5 2  ^0 7 q 7 q p, — 2 I 5 7 r p -  1 7 6 4 -  4 8 4 t 1
6 a -  1 0 0 3 0 — > /5 C//ij i 0 p -  2 8 2 I14 -  ? 3  5 ? -  p P 2 1
4 9 6 5 5 ? pi -  3 "9 3 ] 3 0 0 0 -  4 2 3 3 6 - 2  1 1 6 8 2 0 2  8 1 0
6 1 0 -  1 r> 1 2 0 1 3  1C-4 0 p 0 - 1 4 1  1 2 -  7 0  5 ( - 4 6  8 ? r\
(, 1 1 -  7 ? 7 A P i, 0 /. 4  o -  3 5 7 P p. -  3 5  2 3 0 2  1 1 4 8 1 7  6 4 -  2 S 6 1 1
6 1 2 7 5 6, 0 - i n / ,  p r, 5 8 9 0 1 7 6  4 0 7 0 - 6 5 8 ? 6 6 2 1
6 1 ? -  6  c 9 ? 0 -  1 3 o 0 p o ( ': ' 1 7 6 4 O 0 4 2 3 3 p 2 1 1 6  a 7 0 ? 1 0
6 1 4 1 5 1 2 0 /; 5 7 A 0 n -  Q •• ? 5' 0 I 4  11 2 7 0  5 6 - 1 6 ? 2 0
6 1 5 - 3 2 7 6  0 — 3 3 7  6; 0 1 5 7 & p 3 5 2 8 0 3 5 2 8 1 7 6 4 1 6  9 1 1
zO 1 6 7 5  6  0 1 0 9 2 0 - 5 9 0  p. -  1 7  6 4 0 1 1 7  6 S P _  3  n p 1
7 7 7 a 2 Q of) 2 0 1 9 0 _  q q 9 n p 0 5 0  4  4 3 2  8 2 7 4 6  2 6 0 7
7 q 7 6 9 a 0 1 O' 0  3 0 r 0 2 0 ? ?  4 2 3 5 2 q 0 1 ~>
7 9 _ "j n a p q p 1 1 0  9 3 0: 1 7 6 4 0 0 0 2 5 4 0 1  6 2 1 1 6  8 - 1 1  p 8 0 1
7 1 0 ? 2 7 6-0 -  5 5 4  4  (; - 7 3 2  3 0 - 3 5 ? 8 0 -  2 H  i  8 - 1 7 6 4 ? 8 6 1 1
7 1 1 u 0 7 ? 0 -  2 0 1  6  0 0 n — *3 f~. 1+ Li P - 2 3 ? 7 4 21  6 n 2
7 1 2 - 3 1 °  4 0 1 0  0  c 0 n 0 6  7 0 4 2 3 5 2 — A 9 1 ■ p
*7 1 3 1 7 0  0 5  n 6  5 6 2 0 — 1 7 4 4  0 0 P - 4 ? 8  3 6 -  2 11 6 P - 7  0 ? 6\v; 1
7 1 4 -  7 ? 7 6 0 -  • 7 7 : 6 . ? 6 ? 0 n 3 5  2 3 0 3 5 ? ° 1 7 6 4 1 f  7 l 1
7 1 5 4 3 3 '■ 0 1 ' 1 -  5 0 ? 0  0 0 1 4 1 1 2 7 0 5 6 - 1 6  2 0 2
7 1 A -  l r ■ <? o p - 7 A  A p 1 7 -  4 0 q q q n - 1 1 7  A _ K p p q 0 1 r>
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TABLE B4
CONSTANTS AND EXPONENTS FOR SUBMATRICES .
i j
( 1 6 )
" i j
1 ( 1 7 )
q i  j





( 1 6 )
q U
( 1 7 )
" i j




1 1 7 S o  3 4 7 0 6  2 4 3 o P e r ( 4 4 2 2 4 9 9 4 r. 9 p
I '> £, .. O 7 1 1 0 8 0 n 1 n 4 C 5 4 6 - 9  2 4 3  5 2 8 1 1
1 -i 1 ] 0  S 8 6 6 6 2 0 n ] 4 6 7  2 8 -  1 6  fi 0 9 i
1 4 9 2 4 9 2 9 -  9 8 ? p i l 4 7 - 1  2 b -  3 0  8 -  5 F P 1 <*>
1 c; 2 7 2  1 0 - 7 8 6  2 4 A 0 0 4 R - 1  6 s - 4 6 0 9/_ p
i (. 7 2 4 s -  3 1 0  8 0 - 1  7 6  4 0 7 4 4 g — p 4 6 - 5 4 6 -  3 5 2 8 1 i
1 1 - 6 9 9 ? 6 5 s  ? o. o 1 4 1 0 -  1 8 2 1 2  4 4 8 P 2 3
1 Q - 5  4  6 °  2 4 7 5 3 8 ) 1 4 1 1 1 2 6 - 1 8 2 5 P 8 1 9
1 Q - 2 7 ? ] 4 -  2 7 2 1 6 _  q 2 7 o  n q 4 1 2 4  2 4 2 -  9 8 T>cO 2
1 i r- p 9 /, 9 4,9 5 7 1 7 6 4 0 1 o 4 L 3 -  9 ? 4 5 47, 3 5 2 p i 1
1 I 1 4 6 ? 2 2 2 6 8 I 7 6 4 0 0 1 4 1 4 — ■> r> - 1 2 4 — A 9 p ? ]
1 1 2 - 5 4 6 -  ‘ 4 6 -  7 5 2 9 i 1 4 1 6 - 1  6 8 7 2  8 0 1
? 1 3 - 7  6 6  ? 4 2 7  2 1 6 i'O o 0 4 1 4 — P A - 1  6 8 o ? 2
1 4 6 6  ^2 - 6 5 5 2 o i (1 5 5 7 p 6 ? 4 3 P 6  2 4 -  8 S ? 0 0 9 0
1 1 5 -  1 1 0  5 2 ? 3 6, H - 1 7  6 4 0 o 1 5 A 6 6 5 2 H O P  P 0 1 o
1 1 6 • 2 4 — 5 4 6 3 i^ i V Q I 1 5 7 - 1 1  0  8 s - e  9 4 ? c 0 3
2 / 3 7 7 6 2 0 1 6 n 7/_ o 5 8 - o ?  4 - 9  2 4 - 3 5 2  8 1 1
? ? 9 2  4 4 ? 4 ? 5 ? P 1i 1 5 Q - 7 8 6  ? 4 2 7 2 1 7 0 n g
2 4 1 2 3 ? 1 4 P p n/ 1 4 1 0 6 5 5 2 - 6 5 5 ? g 1 T!
o iq 7 2 ' R _  ] i o  p 8 ] 7 6 4 ( 1 i n 5 1.1 11  0  p 8 -  2 2 6  8 -  1 7 9 4 0 0 1
2 7 c> 7 A - ? 0 ) 6 0 7 o n; 1 2 _ o  ? 4 4 4 6 7 a ? c ] 1
? 7 -  5 4 6  - C>?H - 3 ^ 8 1 ] 5 1. 3 - 2 7 2 1 6 -  2 7 2 1  6 8 8 2 0  0 n n
? ?, -  7 2 3 ] 6  8 {) ? i 5 1 4 2 ? 6 5 6  6 4 ? - 1  7 6 4  0 1 g
2 O' -  3 ? 6 3 -  6 5 9 2 -  1. 7 6  4 C 1 o 5 1 5 -  6 5 '• ? -  2 2 6  P 1 7 , 4  0 n 3
? 1 '9 - 7 9 6 1 5 1 2 7 9 4 0 7 0 5 1 6 8 4 6 5 4 7 -  3 5 2 8 1 1
2 1 1 9 4 6 6 4 7" ^ p r* q 1 ] 6 6 R 7 P 4 2 0 1 6 0 ? O
2 i 2 1 Q 7 - 1 2  6 -  5 HP 2 1 6 7 — 0  2 4 -  q ? a. 3 6 2 8 l 1
2 1 3 -  7 5 5 2 6  6 5 2 p 1 0 4 8 -  1 2 3 3 - 1  6  8 o ? 3
? 1 '< -  2 1 n 4 - 1 5 ] ? p 7 n 6 9 - 6 5  5 2 6 5  5 ? 0 1 o
2 1 5 -  9  ? 4 5 4  6 -  3 3 " 3 1 1 6 1 0 - 2 1  ° 4 -  1 5 1 2 0 ? 0
2 1 6 -  3  0  R -  1 2 6 p r a ? 1 6 1 1 0  7 4 - 5 4 6 _  3 5 ? p ] 1
g S 2 9 1 4 8 7  3 4 p n 9 6 1 2 3 0  R 1 ? 6 5 q 8 9 1
“>P 4 1 6 3 1 2 7 2 0 1 7 6 1 8 - 2  2 6 8 - 6 5 5 2 1 7 4 4 0 3 q
3 r; 6 5 5 2 - 6 5  8 ? p r\V.J 1 A 1 4 -  7  6 6, 1 5  1 ? - 2 5 4 0 ? o
3 6 5 4 6 - 0  9  A _ 7 r p q 1 1 6 1 5 — 5 4 6 -  5 4 6 p 5 2 « 1 1
p 7 - 1  5 1 2 -  ? 1 p 4 p n ? 6 1 6 - 1 8  2 1 2 6 -  s  8,8 9 1
3 q - 1  2 6 -  3 0 6 p P c 1 2 7 7 2 0  1 4 8 736. fi 0 9
g 9 - 6 5  5 2 — 2 2 6 8 -  ] 7 4 a n r\ ] . 7 3 l b ° 1 ? 3 2 r ■ 1 9
3 1 0 5 5 4 6 4 6 p r  p p ] 1 7 7 1 1 0 °  P -  2 2 6  8 1 7 6 4 0 0 1
9 i i 1 6 i 2 - 7 5 6 7 ^ a n 0 2 7 1 0 -  9  7 4 5 4  6 _  9 i; 9 q ] 3
p 1 2 - 1  2 6 1 3 ? _  *7 p O 1 7 7 1 1 -  2 0  1 4 . 3 0  2 4 0- 9
2 1 3 -  1 1 0  R ' 2 2 6 P I 7 h A (j o 1 7 1 2 1 6 o - 7 2 P 0 1 ?
p i / 9 2 4 -  5 4 4 -  '-f p q 1 1 7 1 3 6 5 5 2 2 2 6 8 -  1 7 6 4  0 p 3
9 I 6 -  2 0  ] 6 3 0  2 4 O o 7 7 1 4 -  5 4 6 - 5  4 6 3 5 ? 9 1 3
g ] q 1 6 -  7 ? p l 7 7 1 p ] 0 1 9 — 7 4 7, - 2 9 4 ° n 9
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TABLE B4 ( C o n t i n u e d )
i j
( 1 6 )
q i j
( 1 7 )
q i . i
( 1 8 )
q i j
A.. . *3
7 1 6 -  1 2 6 1 3 2 4 3 8 1 p
8 a 2 2 4 7 2 4 0 '2 7
8 o O 7 4 -  6 4 6 3 5 2 1 1
8 I  0 3 O 8, 1 2  6 -  4 P 3 1
8 1 1 -  U  4 7  ? 6 0 1 2
8 1 2 -  5 4 -  ] 4  f. o ?
8 1 3 5 4 5 5  U - 7 5 2  >'*. ] 1
8 1 4 1 8 2 - 1  2 6 6 O >"> p '• /•' oi. 1
p. 1 5 1 2 6 _ [ 3 ? .. f" p r> 1 7
8 ] A u  2 / '"J o  o p 7
9 q 7 4 4  2 4 7 8 6  2 4 1 3 ?  C 0 r . r\\_
o 1 0 -  6  9 5 2 -  1 1  0  8 P 1 n
q 1 1 -  I 1 r . P P. _  (7 r-: p 7 0 n 1
9 1 2 o  7 4 0  7 4 -  7 9 ?  P i 1
o 1 3 2  7 2 ] - 7 8 6 2 4 n n 0
Q 1 4 - 7 7  (■■ 3 1 ] " ' • 1 7  6  4  0 i .9
9 1 5 4 ‘ 4 > -  6, n  q p n n 1
9 1 5 -  5 4 A o  ? 4 3 4 ?  p, ] 1
1 0 1 0 8 7  3  6 2 0  1 6 0 9 f \
1 0 1 1 o  ? 4 9 ? 4 ?  v. I 1
1 0 1.2 -  1 7 3 2 -  1 6  8 r-, > 1
1 0 1 3 -  2  7 M 1 1 0 8 8 -  i ’» /, o 1 n
1 0 1 4 7 0 2 4 - 2 0 1 6 0 7
1 0 1 5 - 5  4 6 q  7 4 -  3  5 ? p 1 1
1 0 1 o 7 2 ~ -  1 6  P. o ? 1
1 1 1 1 2 0 1 •, P  7  7  A o n p
11 1 ? - 1 6 8 - 1  2 ?  2 n 1 7
11 1 7 - 6 5  6 ? 6  5 r  2 q 0 1
11 1 4 5 4 6 -  Q ? 4 _  7 k 7 A 1 1
11 -  1 5 i 7 - 2 1  P 4 0 r> ?
1 1 1 6 1 2 6 7 0  8 -  r . p « 1 ?
1 2 1 2 2 2 4 2  2 4 p 9 7
1 2 1 3 6 t  6 —  O 4 3 h ? p ] 1
1 ? 1 4 -  7  2 6 1 4 8 0 9 1
1 2 1 5 1 2 6 3 0  « r, q q 1 9
1 2 1 A -  1 6 1 -  5 f- 0 / 9
1 3 1 3 7 8 6 2 4 7  8 6 2 4 -  8 6 2 c  n 0
1 3 1 4 -  4 5 6 2 -  1 1 0  -• r c 1J. o
1 3 1 5 1 I 7, a '• 6  4 4 7 n o 1
1 3 1 A _  q  7 /, -  q  ?  4 -  3 5 ?  n 1 I
1 4 1 4 r ; / ' 2 0 1 6 n 9 r\
1 4 1 5 -  n  ?  4 - 9 2 4 3 ^ P 1 1
1 4 1 4, } ?  a 7 1 6. 3 n 9
1 5 3 5 7 r< } f- 8 7 3 6 p (9 P
1 5 1 3 - 1 ( :' -  1 2  3 2 0 1 ?
1 0 1 3 7 7 4 2 2 4 0 ? p
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TABLE B5
CONSTANTS AND EXPONENTS FOR SUBMATRICES
i j
- ( 4 )
q i j
q ( 5 )
I J
- ( 6 )
q i j
- ( 7 )
q i j
— ( 8 ) 
q i j
X .  . 
i j
I 1 '•> O' , . 4 4  1 c n 4 6 ]  HO -  • ft 7 f, O - 7 7  76  6 v - r.
1 -> 'j 4  9 - 8  ft 2 0 ft ft 9 0 6 8 3 2 - 4  6 7  Of 1 77
1 3 v 4 3 ? q p ? o -  8 P 9 f. - 4 6  9 0 A 5 o 9 0 1
1 4 4 -  4 - 1 7 6 4 -  1 7 6 4 0  2 4 9  7 4 1 i
1 3 4 4 1  3 0 -  p 4  1 f ' 0 -  ! 1 4 4 0 3 7 7 6  0 ft 0
1 6 1 ] r c* - K P p n -  ft ft 7 0 7 7 6 8 4-6 7 0 1 0
1 7 - 2 0 ? ° - 8 8  7 0 q 3 7 n 7 7 7  0 -  A 5 5 7 0 1
1 8 — ? p. /» 1 7 6  4 1 7 6 4  ' — 5 4  6 - c 2 4 1 i
1 o 2 c  1 6 — 4  4  j  0  0 - 4 4 1 0 0 1 1 7 4 0 1 1 3 4 0 ft 0
3 i n — 7 f  • ? 8 3 7 0 3 8 0 - 3 2 6 8 -  7 7 3 0 1 r.
1 1 1 -  7  r  ;■) 8 8 7 0 O p p p .. 9 7 9 0 -  7 2 6  ft 1
1 1 2 TATL \ ' - 1 7 4 4 -  1 9 4 6 5 4 6 1 1
1 1 3 P /, 9 - - 4 4 1 0  0 4 4 1 0 0 7 7 7 6 0 -  1 1 7  4 0 73 0
1 1 4 ~ ? ‘ ■ 8 8 8 2 0 -  P 3 9 0 — A *3 “p 3 7 '3 0 1 0
1 1 5 1 1 8 8 - 8  8 2 0 - 8 8 7 0 4 6 7 0 7 /  4ft 0 1
1 1. 6 -  ? 8 6 1 7 6 4 1 7 6 4 - 9 7 4 -  5 6 6 1 l
2 1 3 4 9 9 3 8 9 0 _  q p 7 n - 6 9 9 2 - 4 6 2 0 1 0
2 9 6  2 4 0 4 0 -  p 4  n '•> 0
9 3 4  r- 4 1 7  0 4 1 7  6 4 -  C 9 4 <p 9 4 1
o 4 8 P o 0 o 1 6 0 •3t' 1
2 - 1 1 8 8 P, H 9 3; 8 8 7 0 -  2 2 •' ft 6  6 7 n 1 0
? 6 9 t ,3 0 n 0 P 4  A O r,
2 7 -  2 8' 6 -  1 7 6 4 - 1 7 6 4 9 4 6 -  9  7 4 i 1
2 o _r.  p 0 0 0 -  1 6 8 c 1
2 Q 7 r-2 _  q r 9 0 - 8 9  7 0 2 2  6 3 2 7 : 0 1 0
2 1 0 - 1  6 3 1 4  7 0 1 4  3 0 - 3  7 8 -  6  3  (l 0 0
7 11 - 1  6 9 1 7 4  4 1 7 6  4 — 5 /j- 6 - 9 4  6 1 1
2 1 2 9/ Q - 7 0 4 -  3 Q/, 1 1 3 6 o 1
2 1 3 2 o  ? ° _  o p. 7 n 8  ft 7 ( '■ 6  5 5 2 - 2 7 3 0 1 0
2 1 4 - 4  6 8 1 4  7 0 -  1 4 7  0 - 1  0 9 2 6 3 0 2 (1
2 1 3 2 - 6 - 1  7 6 4 -  1 7  0 6 c  7 4 5 4 6 1 1
2 1 6 — ( 6 7 Q/, 3 Qi - 1  * 4 - 1 7 6 3 1
3 1 9 9 2 -  8 8 7 0 ft 8 7 0 -  4 6  7 0 - 6 5 5 3 9 1
3 2 4  p 4 1 7 6 4 1 7 6  4 ° 2 4 -  0  2 4 1 1
3 3 A 9 4 ft 0 -  8 4  0 n n 0
3 4 o 3 C\ o 1 6 8 nw 1 As
3 3 9 r' 8 ° 8 8 9 0 -  ft 8 7 0 -  2 7 7 0 6  5 r' 2 n 1
3 6 9 P 6 -  1 7  6 4 -  1 ', '>4 9 4 f. r 7 a 1 1
3 7 -  4 6 S - 1  4  7 0 i /,. 7  o 6  7 0 - 1 0 9 3 0 7
3 9 _/ t. 7 0  4 9 ° 4 -  ! 2 6 - 1  5 4 1 2
3 a 7 r; 3 -  0 p 3 6 — p n 9 p. ft 7 ft 0 2 7 6  0 c i
9 1 6 -  1 6 ') 1 7 * 4 1 I f  4 - 5 4  6 -  6 6  6 1 1
3 1 1 -  1 6 7 1 4 7 0 1 4  7 0 - 6 7  0 - 3  76 0 7
3 1 2 - 7  9 4 -  9 9 4 1 2 6 ft i 1 7
3 1 7 1 1 3 ~ q p 9') ft 9 9 A 4  6  ? 0 -  7 9 4 0 •’ 'i !
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TABLE B5 ( C o n t i n u e d )
i j
— ( 4 )
q i j
- ( 5 ) - ( & )
" i j
- ( 7 )
q i j
- ( 8 )
q U
iV. .
IJ " i j
7 P _ 7 7 - 1  7 6 4 -  ! 7 A 4 -  °  2 4 1 J
7 1 5 ? 1  6 j n -? 4  n 0 0 y
7 1. A. -  1 7 0 0 - 1 2 ° 0 1 9
4 i 4 p A - 1 7 6 4 -  1 7 6 4 -  9  ? 4 -  9  ? 4 1 1
4 ? 8 3 0 n 0 — 1 A ° 7 1
4 4 A 3 n r. - 1 o e 0 1 ?
4 4 1 6 0 0 0 0 2 9
4 A 2 8 4 1 7  6 4 1 7 6 4 9 2 4 1 1
4 A A 3 0 0 f) 1 6  P 9c •1
4 7 -  A A - £ 0 4 — 7 9 4 1 ? A - 1 6 4 1 O
4 o -  1 V r\ n 0 - 2 8 ?
4 o 1 - 1  7 6 4 -  1 7 6 4 5 4 A 0 4 A 1 I
4 1 0 -  °  3 9 0  4 2 9 4 - o i - 1  2 6 't 1
4 1 1 _ n 7 2’ 0  4 ? ° 4 -  1 2 6 - 9 3 1
4 ! 2 r -  4 0 - 4  9 2 1 ?1 A
4 1 3 7 PA 1 7 .64 1 7 6 4 9  2  4 -  8 4  6 1 1
4 1 4 _, / — 2 6 4 -  2 9 4 -  1 0 4 1 ? A 7 1
A 1 5 p 7 0 0 1 fcf o 1 ?
4 1 6 —1 3 o 0 -  ? 8 0 0t O
5 1 P 4  9 4 - 4 - 4  1 0  0 4 4  1 0  0 -  1 1 3 4  0 - 9 2 7 6 0 (■ 0
4 7 1 I 5 9 3 8 9 0 3 P 2 0 9 9 4  p -  4 6  7 0 1 p.
5 7 .9 o  .9 3 _  p d 7 n P P .7 n - ? 7 ?  n - 6 6 P ? 0 1
5 4 2 A 1 7  6 4 1 7  6 4 0 4 6 — 6  p 4 1
E, 5 2 4  3 9  p - 4 4 1 3 0 - 4 4 1  0 0 -  3 ? 7 0 ? ? 7 6 0 A r_i
5 A 3 4 3 ? P P 7 0 _ 0 7 7 7. 6 0 5 2 4 6 2 0 1 0
5 7 - 9 . 4  9 7 8 8 9 0 - P S ?  •'( 4 6  ? 0 6 5 5 ? A 1
& « - 4  f- 4 - 1 7 6 4 -  1 7 6 4 -  °  2 4 O 9  4 1 1
5 -•A P /, 7 4 4 4  1 0  0 -  4 4 1 0  0 8 2 7 6 (j 1 1 3 4 0 7 P
s 1.0 -  2 0 2 4 -  8 8 2 9 2 8 ? 0 -  A r  6 ? -  ?  7 9 0 1 P
5 1 1 _ ] 1 p u _ o p 9 n -  8 8 2 0 - 4 6 ? 0 2 ? 6 8 p 1
5 1 ? 9 f A 1 7  4.4 1 7 6  4 °  2 4 — 8 4  6 1 i
5 1 3 2 9  16 H 1 ) n 4 4 1 OC 1 1 0  4 0 -  1 1 9 6 0 0 0
5 1 4 - 7 0  9 -  H P 7 o - 3 8 ?  0 -  ? ? 6  0 9 7 9  0 1 0
5 1 9 7 0 ? 8 P  ?  0 f; s  9 r> ? 7 7 0 — 9 9  A O 0 3
6 1 A -  ] (  9 -  I 7 V f -  1 7 A 4 -  6 4 6 5 4 6 1 1
4 1 1 1 0  2 -  P P 9 n — 8 P ? 0 - 2 2  0  8 - 4 6 2 0 l 0
6 7 9 ]. A () r r\V- -  0 4 0 9 0
6 3 7 P. 4 -  I  7  A -  1 7 6 4 -  5 4 A — a 9 a. 1 i
A 4 c ? 0 0 r, - 1 6 8 / 1
A 5 9 4 9 ? -  8 Q ? 0 8 8 2 0 - 6 5 8 ? 4  7' 2 6 1 aL
6 6 n  4 0 n 0 H 4  6 ') n
A 7 - 4  0 4 1 7 6 4 1 7 6  4 9 ?  4 9  2 4 1 1
6 3 -  8 4 A o o 1 6 8 7 1
A Q 2 0 2 8 8 7 0 -  5 P "  (9 4 A >r 7> > - f . 2 7 3 0 1 r
6 1 0 -  4 4  P - 1 4  7;; 1 4  7 0 -  1 0 5 ? -  A 3 C 7 A
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TABLE B5 ( C o n t i n u e d )
i j
— ( 4 )
q i j
— ( 5 )
q i j
— ( 6 )  
q i i
- ( 7 )
q i j
- ( 8 )  
• q i j




6 1 1 _  7 s' /- -  1 7  A 4 -  1 7 6 4 .<•— v • f_ H 5 a 4. 1 1
1 ? /  A. 2 9 4 2 0 4 ] 4 6 - 1  7 6 7 1
6 1 7 7  p ;> S 8 9 n p 3 7 n 7 2 0 0 - 7 7 7 0 1 p
6 1 4 -  1 i ?. -  1 4 7 0 - 1 4  7 0 -  3 7  8 6 , 3 0 9 0
t:> 1 9 1 4 1 7  44 1 76  6 6 -  5 4  4 1 1
6 1 4 -  3 -j — 7 9  4 -  ,3 Or - 9 1 1 2 6 2 1
7 1 -  2 0  8 R a p p n _ p p 7 0 2 7 3  0 *5 *5 5 ? n 1.
7 2 — O'’ t.f. ■ -  ] 7 6 4 - 1  7 4  6 - 5  4 6 9  2 4 1 1
7 3 -/+(•_ 1 6  7Q -  ] 4 7 9 6  3 0 1. 0  9 ? n 3
7 8 -  6 6 -  2 ° 4 -  7 « 4 - 1 2 6 1 5 4 i 7/
7 -  7 4  3 -  8 a .2 0 0 8 ? 0 4  6  7 0 _  £, g t~ 7 0 1
7 -  4 3 4 ! 7 6 4 1 7  6 6 -  9  2 4 -  9  2 4 1 1
7 7 6  7 4 n 0 - 8 4 0 0 O 7
7 5 c- a 0 0 1 6  a n 1 3
7 o — 1 1 P R ■r> o "2* o p P 9 0 - 4 6 7 0 - 7 7  6 8 9 ]
7 1 9 7 °  6 - 1 7 4 4 -  1 7 A 4 - 7  4 5 4 6 1 1
7 1 1 7 ) 6 9 0 9 4 0 0 0 7
7 1 7 -  4 ? 0 0 -  1 4 8 0 1 7
~7 1 3 - 7 -  3 - 3  8 7 0 -  8 P 2 0 - 7 7 3 9 ? ? 6 8 0 1
7 1 4 1 4 ^ 1 7 6 4 1 7 6 4 5 4 6 — 5 4  4 1 1
7 ] 9 -  1 ' 2 -  1 4  7 0 -  1 6 7 0 -  6  3 0 3 7 0 n 3
7 1 6 7 Q 2 94 2 ° 4 1 7 6 - O l 1 7
a 1 -  7 8 0 1 7 A / ( 1 7  6 4 5 4 6 9 2 4 i 1
R, ? — P 7 o 0 0 ] 6 B ? 1
8 3 — 6 6 7 0 4 7 0 4 1 2 6 1 5 4 i 7
8 4 - 1-2 f\ 0 0 7 8 2 O
8 5 - 4  6 4 - 1 7 6 4 -  1 7 6 4 0  7 4 — q  2  4 1 1
M 6 -  R a rs 0 9 - 1 6 8 ? 1j
g 7 6 3 r\ 0 - 1 4  8 0 1 2
R a 1 6 r\ 0 Q : J 7 /
p g — 2  ^4 1 7  6 4 1 7 6  4 -  9  7 4 -  5 4 6 1 1
a 1 0 6- 6 - 7 9 4 -  ? 9 4 1 5 6 1 2 6 1
8 1 1 c o 0 0 1 6  P 0 1 ?
R 1 2 -  1 ? 9 0 -  2 8 O ? 7
ft 1 3 - 1  e f- - 1  7 6 4 -  1 7  6 4 - 6 4  6 *' 4 6 1 1
8 14 7 ° 2 0 4 2 ° 4 0  1 - 1 7 6 7 1
8 1 6 — 9 O - 7 9 6 - 2  9 4 - 1 7 6 o i 1 ?
8 1 6 7 6  0 4 0 2 ! - 2 1 ? 7
9 1 2 9  1 R - 4 4 1 0 9 - 4 6 1 0 9 -  1 1 3 6 0 -  1 l ? 4 0 0 0
o 2 7 9  7 -  ■> r 7 0 — 9 F 3 0 -  ? 2 6  « -  2 7 3 0 1 0
g 3 O .7 -) -  p a 7 0 — p ,9 9 0 - 2 7 7 0 -  7 7 6 8 n 1
9 4 1 6  ^ -  1 7 6 4 -  1 7 6 4 -  5 4 6 -  5 4  6 1 ]
Q 6 3 4 7 4 -  4  4  1 0  ■} 4 6  1 9 0 - 3 2 7 / 0 1 1 3 4 0 ry 0
o A pn 9 a _  ? p 7 r, 8 • 7 0 -  4 8 5 7 2 7 3 (, l 0
g 7 -  1 1 8 8 R p 7 0 a <■. 9  n 4 6  ? 0 2 ?  6  « r\ 1.
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TABLE B5 ( C o n t i n u e d )
i j
- ( 4 )
q i j
- ( 5 )
q i j
— ( 6 )  
q i j





Q ;; — ? A 1 7 r 4 1 7 4 f '7 4 5 4  6 1 1
9 9 y u - : 4 4  1 0 0 4 41 o f 3 ? 7  4 0 3 2 7 6 Oi r r
Q 1 0 -  ? M ? R e  7 0 -  0  0 ;> q 4 r, ‘6 7- - 4 6  2 0 1 0
Q 1 1 -  /,  ^ 9 . -  0 5 2 O' ?i P. .7 0 - 4 6 2 0  ' 6  5 5 7 0 1
Q 1 7 A - 4 -  1 7 4 4 -  1 7 6 4 - ' 2 7 4 - 9 2 4 1 1
r\ 1 3 H 4  ? 4 4 4  1 o 0 - 4  4 1 0  0 U  3 6 0 -  3 7 7 6  0 0 0
9 1 4 -  1 I - q c j  a 3 8 7 0 7 7 6  Q 4  6  2 ( 1 Q
9 1 0 ? c- ? ■? o q 7 .'3 -  2 6  2 0 7 7 7 0 _ t c; A 9 n 1
Q 1 6 _  o r f 1 7 3 4 1 7 . 44 0 4 0 9  7/ , 1 1
1.0 1 -  7 0 2 s n 3 0 8 8 7 0 2 2  6 « 7 7 7  n 1 0
10 7 -  1 c  ? 1 4 7 0 1 4 7,0 7 7  8 6 3 0 7 0
1 0 7 - 1  '■ ° 1 7  7 4 1 7 0 4 5 4 6 5 4 6 I 1
1 0 4 _ "1 '3 2 a 4 ? 0 4 91 1 7 6 0 1
1 0 n -  y r  9 f- « p o -  9 ft 3 n 4  4 0 2 -  7 7 3 0 1 A
1 0 (, - 4 6  Q 1 4  7 0 -  1 4 7Q 1 POPX .- c. - 6 3  O' 7 A
10 7 '.> r: - -  1 7 7 4 - 1 7 . 4 4 - n  7 4 - 5 4 6 1 1
1 0 p 4 6 -  3 °  4 - 7  9 4 - 1  5 4 - 1  2 6 7 ]
1 0 q -  7 A  7 ? -  7 3 7 0 n Q 7 n - 6 5 5 ? -  4  6  7 O 1 r>
1 0 1 0 v. 9 A o 0 ;P H 4 0 7/ 9;
■) A 1 1 1 4 °  4 1 7 7 4 1 7 0 4 9  2 4 -  q 7 a. i 3
10 1 2 “■ A 9 0 0 1 6  8 7 1
1 0 1 3 - 1 1 9  4 — 0 C’ 7  r. — p q 7 p -  2 2 6  8 4 6  7 0 1 n
1 0 1 4 .7 1 5 n 0 0 -  c 4 0 — n
1 0 15 — 7 A - 1 7 7 4 - 3 . 7 6 4 - 5 4 6 9  7 4 1 1
1 0 1 6 b 2 0 0 0 - 1  6  8 2 1
11 1 -  7 -  7 8 8 2 Q 0 8 7 0 2 7 7 0 7 7 6  8 Pi 3
11 2 -  1 t- q 1 7 6  4 1 7 - 4 5 4  6 6 4  6 1 1
11 7 -  1 6 2 ] /. 7 0 1 6  7 0 AP 0 7 7 8 0 2
11 4 — "■* P 2 0 4 2 0  4 1 2.4 ° 1 1 7
11 r. - 1 1 3  9 -  8 3 7 9 _ O 2> *■> p: 4 6  2 0 - 2 2 6  8 A ]
11 A '3 »'• L - 1  7 6 4 — 1 7 6 4 ■ J 2 6 -  5 4 6 1 1
11 7 ' ? ]  4 0 n -  p 4 0 0 0 2
11 Q 4 9 0 -  1 4 8 0 1 2
11 q -  3 4  3 ? p :• -  p p 7 0 -  4 6 7 0 -  6 5 6 7 n iJ.
11 1 9 4 1 7 4 4 1 7 3- 4 -  - 94 O 7 A, 1 1
11 1 1 9 4 0 r 8 4 0 0 0 7
11 1 2 _  P A 0 q 1 6 0 0 1 7
11 1 3 _  a *1 y -  « 7 7 0 '’•■3 7 0 - 2  7 ? 0 5 5 5 7 n 1
11 1 4 ? c r -  1 7 - 4 - I . 7 7 4 - 4 4  6 -  9  7 6 1 1
11 1 4 - 4 '  a - 1 4  70 1 6  7 7 -  4 3 0 1 0 9 7 r f
11 1 6 * A —  3 0 4 -  7 /. -  1 2 6: -  1 5 4 1 7
1 7 I i ( q - 1  7 4 4 -  1 7 0 4 — 4 6  6 - 9 4 6 i 1
1 2 7 -  7  Q /, -  2’ c  4 - n  1 - 1 2 6 7 1
I P 3 7 O -  ?  q 4 — p . / , - 1 7 6 - 9 1 1 7
1 7 4 q -  4 q _ / 4 f; -  .3 1 - 3 1 7 7
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TABLE B5 ( C o n t i n u e d )
i j
—  ( 4 )  
q i j
—  ( 5 )
" i j
- ( b )
q i . i
- ( 7 )
q U _




1 ? 5 “> c  C I  7  6 4 1 7 - ,  4 - 0 7 4 6 4 6 1 1
1 2 a . t  6 7  7 9  C  f. -  1 5 4 1 7 6 7 1
1 2 7 — 4  2 0 0 ]  6  P 0 1 ?
1 2 3 - 1 7 0 0 7  P 0 ? 7
1 2 C) 4  n  4 -  1 7  6 / , -  1  7  6 4 9 2 4 9  2  4 1 1
1 2 1 0 — P  6 0 0 0 - 1  6 6 O 1
1 2 . 1 1 _  <■ o 0 -  1  4  P 0 1 n
1 2 1 2
r\ 0 c 0 C 2
1 2 1 3 7  5 6 1 7  4 4 1  7 6 4 4  4  6 — 9  7  4 1 1
1 2 1 4 -  5  7 0 0 0 1 6 8 /L~
1 2 1 ' 3 a  a 7  7 4 3 0 4 1 2 6 - 1  5 4 1 7
1 2 l f c - 1  ? 0 n 0 2  8 A 7
1 3 1 P 4  ?  4 4 4 1  O O -  4  4  1 0  0 _  9 . 9  7  /  0 - 1  1  3 4 0 0 0
1 3 2 7  !'■ 7  9 7  p  7  0 -  R  7  0 -  6  5  5  ? - 2 7 3 0 1 0
1 3 3 ] 1 p  p q  q  7  q q  p  9  n -  4  t  ?  0 7  7  6  8 r , 1
1 3 4 7  P  4 1 7  6 4 1 7 6 4 -  C;  9  A 6 4 6 1 1
1 3 q 3 9  l  6 A  A  I  . ' V ; 4 4  1 O f ; -  1 1 H O 1  1  3  4 0 r 0
1 3 A 7  n  7 9  q  9  Q q  p  3  0 -  2  ?  6  P 2  7  3 0 1 0
1 3 7 _  7  q  3 - 3  3  7  0 -  8  r  7  9 2  7  "> 0 -  2  2  6  « 1
1 3 q - 1  6  4 -  1 7  6  4 -  1 7 6  4 6 4  6 . - 5 4  6 ] 1
1  3 q H  4  ?  4 -  4  4  1  )  ) 4  4 ]  n o 1 1  3  4  0 7  7  7  6  C n 0
1 3 1 0 -  1 1 3  5 _  p  p  9  -i _  q  q 9 0 2  2  6 8 - 4 6 2 0 1 /“V
1 3 1 1 _  t  q  q  o 8  0  p  0 -  S 8 ? 0 - 7  7 3  0 - 6 5 5 ? 9 1
1 3 1 2 2  3  6 1  7  4 4 ]  7  6  4 -  6  A  6 0 9 4 1 1
1 3 1 3 2 4  3 -  4 4  1 n  1 -  4  4 1  0  n 3  7  7  6 . 0 ?  7 6 0 0 r-.V. !
1 3 1 4 -  p  4  ? _  > c  9  r. P  7  0 6  5  5  2 4  6  2  0 1 0
1 3 1 3 7  4  3  2 -  P  4  ?  0 O P  9  0 4  A  9  0 4  6  5 ? n i
1 3 1 6 —  4  6  4 -  1 7  4 4 -  1 7  6  4 0 9 4 -  Cl  9  / . 1 1
1 4 1 —  2  0  7  P _  c  q  9  ■■ > 3  8  3  0 6  5  5  2 2  7 ? C , 1 r
1 4 9 - a  p  p -  1  A  7  0 1 4  7  0 1  ( 5 0  2 6  9  r i 9 0
1 4 3
__q  r  ' - 1  7 4  4 -  1 7  6 4 6  9  4 -  5  4  1 1 I
1 4 4 - i  6 -  9  7  4 _  9  0  4 1 6 4 - 1 7 6 1
1 4 5 - 7  0 ? - 7 7 7 0 — Q  r  9  4; 9  9  /  6 -  ?  7  3  0 1 9
1 4 4 -  1 3  7 - 1 4 -  1 4 ^ 0 7  7  8 -  6  3  0 O4 c
1 4 7 1 6 0 1  7 6 4 1  7  (  4 - H 6 5 4 0 1 1
1 4 n 9 0 a 7  r - 4 - Q 1 1 2 6 4. 1
1 4
r~. -  ]  ]  -  9 c;  9 p  p ? 0 -  9  _9 6  p -  4  6  7  r 1 0
1 4 10 7  1 6 , 9 0 0 P  4  C O n
1 4 11 2 r ' 6 -  1 7  4  4 -  1 7  6  4 5  4  6 9  7  4 I 1
1 4 1 2 — 7 0 0 0 -  1  6  8 1
1 4 1 3 ' — 9  A  9  9 q  9  9  n _  0  q  q - A ,  6  6  ? 4 6  7 0 1 0
1 4 1 4 6 ' 7 ; 0 0 0 -  0  4  0 f (9
1 4 1 5 _  a  r  / , 1 7 6 - 1 7 6 4 - 9 2  4 - c ' ? 4 1 1
1 4 p 1 n 0 1 6 8 9 1
1 6 1 M c c _  p  p p  n —  < > 0 9 9 -  6  A. 9  0 -  7  4  r O 1
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TABLE B5 ( C o n t i n u e d )
i j
- ( 4 )
q i j
q ( 5 )
I J
- ( 6 )
q i j
-  ( 7 )  
q i j
- ( 8 )
q i j
.
! J " i j
1 5 9 '? 1 ‘ /, -  1 7  6 4 -  1 7 .6  4 — 0  ?  4 - 5 4 / 1 1
1 5 3 /  1 6 0 -  9 6  0 0 0 2
1 5 4 9 0 -  1 6  8 0 1 2
1 5 r, -> Q 7 <7 P 5 ?  0 - 3 7  3 0 2 2 6  8 n 1
1 5 A 1 (  ^ 1 7 6 4 1 7 6 4 - 5 4 6 5 4  6 1 1
1 5 7 — 1 6 2 -  1 4  7 0 - 1 4  7 0 4 7 0 -  3  7 ^ 0 9
1 5 o -  ?• ° — ? ° 4 _ ?  ;/, 1 2 6 _ 0 ] 1 9
1 5 9 7 0  °  .7 -  8 2 ’ 0 >' p 0 2  7  p  0 6  6 5 2 0 1
1 5 1 0 — 0 p. o -  1 7 4 4 -  1 7  6 / , 5 4 6 — 0 7 4 1 1
1 5 1 1 - 4 /  >; 1.6 7 0 - 1 4  7 0 - 4 ? 0 -  1 0  9 ? 0 2
1 5 1 2 6  6 2 9 4 p e  6 - 1  2  6 1 5 4 1 9
1 5 1 3 3 ?. ? 8 3 2 0 -  p  3  9 f) 4  6  2 0 - 6 6  5 2 n 1 j
1 5 1 4 -  9 p . 4 1 7 6  4 1 7  6 6 0 9 4 9 7 4 1. 1
1 5 1 ^ 6 2 4 0 0 8 4 0 0 0 3
1 5 1 6 -  5 6 0 0 1 6 8 0 1 2
1 5 1 "i r- , 1 7  6 3 1 7  6 4 0  9 4 5 4  6 1 1
1 5 2 _ 2 0  4 2 0 4 1 5 4 1 2 6 2 1
1 6 3 — r; ■> 0 0 1 6 8 0 1 2
1 6 4 - i ? 0 r\ p p 0 2 3
1 6 S - 1  4 0 - 1  7 6  4 -  1 7  0  4 5 4  6 -  5 4 6 1 1
1 6 9 -  3 ° - 7 0 4 -  ?  6  4 9 1 - 1 2 6 9 1
1 6 7 7 O p  «  4 2 0 4 - 1 2 6 ° 1 1 2
1 6 8 O 4  9 4 9 - 2 1 2 1 ? 2
1 6 Q — ? M f 1 7 6 4 1 7  6 4 - 5 4  6 -  9  2 4 1 1
1 6 1 0 9 0 0 1 6  9 2 1
1 6 1 1 r  t- -  7 0 4 -  2 0  4 1 2 4, I 5 4 1 2
1 6 1 ? - i  ? 0 0 r>t j - 2 8 9 2
1 6 1 3 - / ,  - ' h - 1  7 6 6 -  1 7 6 4 _  O 9 4 c 2 4 1 1
1 6 1 4 P 8 0 0 0 - 1 6  8 2 1
1 6 1 5 _  o a n n -  1 6  R 0 1 9
1 6 1 6 1 6 0 0 0 r, 9 p
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APPENDIX >C'
STRESS AND MOMENT RESULTANTS
U s i n g  t h e  p r o p e r  t r a n s f o r m a t i o n  b e t w e e n  t h e  o b l i q u e  a n d  r e c t a n g ­
u l a r  c o o r d i n a t e  s y s t e m s  a s  g i v e n  by E q s .  2 . 1 ,  2 . 2  a n d  2 . 3  a n d  f o l l o w i n g  
t h e  same a p p r o a c h  o f  M o r l e y  ( R e f .  4 0 ) ,  t h e  r e l a t i o n s  b e t w e e n  t h e  s t r e s s e s  
i n  t h e  x , y  p l a n e  a n d  t h a t  i n  t h e  p l a n e  c a n  be  w r i t t e n  a s  ( s e e  F i g .  12)
O- =  a  c o s  B +  a  s i n  p t a n  8 +  2 t  s i n  B ( c . l a )§ x r y K r x y r
0 = 0  s e c  B ( c . l b )
r) y H
Ts — T r. =  T +  O t a n  Q ( c .  l c )
l r \  x y  y
a n d
a  =  O . s e c  B +  o  s i n  B t a n  B “ 2t - - t a n  B ( c . 2 a )
0  =  0 c o s  B ( c . 2 b )y V H .
•T — T =  Tc -  a  Sin B ( c . 2 c )x y  y x  n p
The s t r e s s e s  i n  t h e  § ,  r |  p l a n e  c a n  b e  w r i t t e n  i n  t e r m s  o f  t h e  
d i s p l a c e m e n t  v a r i a b l e s  o f  t h e  f a c e s ,  u s i n g  t h e  s t r e s s  -  s t r a i n  e q u a t i o n s  
a n d  t h e  s t r a i n  d i s p l a c e m e n t  e q u a t i o n s  a s  f o l l o w s :
1 34
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Ef
° § f  =  l '" " 2") K ( c o s  P +  u f s i n  P t a n  p )  +  uy ( l  -  u f ) s i n  p
+  v  ( l  -  u ) s i n  B +  v  ( s i n  p t a n  (3 +  u c o s  p ) }  
x  t  y r
( c . 3a )
E f
a  f  =  7"i ~—TTTZT s e c  P ( v  +  v u  ) ( c . 3 b )
a
n f  ~(1 -  - - r  ' • y x
Ef
w  ~  { ‘H ^ ’ ( u y  +  vx ] +  t 8 n  f> S +  u £ \ )}
( c . 3 c )
S u b s t i t u t i n g  f o r  t h e  d i s p l a c e m e n t s  i n  t h e  o b l i q u e  c o o r d i n a t e  f r o m  
E q s .  2. 2 g i v e s  :
E f
o, ( u p S e c  p +  u t a n  p ( l  -  u )
2
+  v ^ s e c p  t a n p  +  v ^ ( u ^  +  t a n  p ) }  ( c . 4 a )
Ef
a r |f  =  ( T ^ 2 )  SeC P ^v £t a n  P +  %  seC P + U f U§^ ( c . 4 b )
=  T l ^ T  [ u ? 2 l l + u £> “ n 0 +  “ n  2 s e c  0
( l " Uf } 2
+  [— 2----  +  t a n  +  v  s e c  p t a n  p i  ( c . 4 c )
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T h e  s t r e s s  r e s u l t a n t s  a n d  moment r e s u l t a n t s  o f  t h e  f a c e s  a r e :
H?£ =  J  £/2 o5£ dz ■ ( c . 5a )
• t f / 2
N =  f f / /2  o dz ( c . 5 b )
-nf J n f
f / 2
N_ =  f  f / /2  T dz  ( c . 5 c )
I r f -  J 5*nf
_ t f / 2
M? f  = J  f / 2  z£ c ? f  d z  ( c . 5 d )
_ t f / 2
M c =  f f 2^ z a  ,  dz  ( c . 5 e )
nf  j f  T]f
" f / 2
M „  =  f f/^ 2 Z T dz  =  "MP-n ( c . 5 f )Tl^f J f  r g f
“ f / 2
s u b s t i t u t i n g  f o r  t h e  s t r e s s e s  f r o m  E q s .  c . 4  i n t o  E q s .  c . 5  a n d  i n t e g r a t i n g  
o v e r  t h e  f a c e  t h i c k n e s s  r e s u l t s  i n  t h e  f o l l o w i n g  e x p r e s s i o n s  f o r  t h e  
s t r e s s  a n d  moment  r e s u l t a n t s  i n  t e r m s  o f  t h e  d i s p l a c e m e n t  c o m p o n e n t s  
u ,  v ,  w;
1 36
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E t f
N__. =   r  f u ^ s e c  R +  u  t a n  R ( l  -  u )
?£- ( l - u ? )  5 ’I £
_  2
+ v jrt a n  P + v ^ c o s  P ( Uf  + t a n  P^3 ( c . 6 a )
E f t
N f  =   x -  {v t a n  p + ( v  +  u u ) s e c . p ]  ( c . 6 b )
r F ( l - u p  ^ Tl r  c,
E f t f  ( l + u f ) - (1  -  u )
N?rl£ =  ( ~ 2 ) f u ? —  t a n  P + - 2 —  s e c  P
f  '
( l “Uf ; 2
+  v ^ c o s  p [ —£—  + t a n  p ]  +  Vr|t a n  ^ ( c . 6 c )
a n d  t h e  f a c e  moment  r e s u l t a n t s  w i l l  b e :
9 2 
Mg.f  =  -Df  s e c  p [v w - ( l  -  u f ) ] ( c . 7 a )
9
M =  -D s e c  p [v  w -  (1  -  u ) — ^  ]  ( c . 7 b )
Vf ^
M5„f = -Mn5£ = -Df sec P [sin P v2" - (1 - u£> fs tn 3
( c . 7 c )
E t 3 *f  fw h e r e :  =---------- „ i s  t h e  f l e x t u r a l  r e g i d i t y  o f  f a c e s
1 2 ( l - u ‘ )
137
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
n p,2 -,2 O . 2  2 2
a n d  V =  +  — 2 =  s e c  p ( ~ 2  -  2 s i n  p ^  +  - y
3x By • B? Bri
The  t o t a l  Moments o f  t h e  s a n d w i c h  M*, M , M a r e  s i m p l y  c a l c u l a t e d  by
s  r| sri
m u l t i p l y i n g  t h e  s t r e s s  r e s u l t a n t s  f a c e s  by  t h e  moment
a r m  h ( n e g l e c t i n g  t h e  moment s  o f  t h e  f a c e s ) .  A l s o  t h e  mom en ts  M^,
M c a n  be  c o m p u t e d  u s i n g  t h e  r e l a t i o n s  g i v e n  by E q s .  c . 2 a n d  h e n c e  
t h e  maximum a n d  minimum moment s  c a n  b e  c a l c u l a t e d  f r o m  t h e  f o l l o w i n g  
e q u a t i o n s :
-  =  Mx,.,± . My  i f  (MX - M g ,  2 g2
max 2 — » 2
m in
I n  t h e  same m a n n e r  t h e  s h e a r i n g  f o r c e  r e s u l t a n t s  due  to t h e  
c o r e  e f f e c t  a r e  g i v e n  b y :
a n d
+  t
Q =  f ' t dz ( c . 8 a ,x z  J xz
c / 2
Q =  F T dz ( c .  8b)y z  J yz
” c / 2
T =  G Y ( c . 9 a )x z  x z  xz
T =  G Y ( c . 9 b )yz  y z  yz
1 3 8
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From t h e  s t r a i n  d i s p l a c e m e n t  e q u a t i o n s  o f  t h e  c o r e  i t  c a n  be  shown 
t h a t :
[ ( u  -  u  ) +  w h ]  ( c .  1 0 a )
c x z  t  2 1 5c -
”^ cy z  t  [ ( ^ 9  ~ \  ) c o s  P +  w t a n  p h +  w s e c  p h ]C Z 1 Cj T]
( c . l O b )
s u b s t i t u t i n g  E q s .  c . 9  a n d  c .  10 i n t o  E q s .  c . 8  a n d  i n t e g r a t i n g  g i v e s :
Q =  G [ ( u .  -  u . )  +  w_ h -] ( c . l l a !x z  x z  L 2 1 ^
Q =  G [ ( v 0 -  v  ) c o s p  +  h ( w _ t a n p  +  w s e c  p ) ]  ( c . l l b )yz  yz  L 2 1 K ?  t)
From w h i c h :
Q^z =  Gxz  c o s  p [ ( u 2 -  u . ^  +  w^ h") ( c . l 2 a )
Q =  G [ ( v  -  v  ) c o s  p +  h ( w _ t a n  R + w  s e c  p ) l  ( c . l 2 b )
y z  y z  2 1 r  5 T]
S u b s t i t u t i n g  i n  E q s .  c . 6 ,  c . 7  a n d  c . 1 2  f o r  t h e  a s s u m e d  d i s p l a c e m e n t  
f u n c t i o n  a s  g i v e n  by E q s .  3 . 2  r e s u l t  i n  e x p r e s s i o n s  f o r  t h e  s t r e s s  a n d  
moment  r e s u l t a n t s  i n  t e r m s  o f  t h e  u n d e t e r m i n e d  d e g r e e s  o f  f r e e d o m .
1 3 9

















SAMPLE COMPUTER OUT PUT
CLAMPED SKEW SANDWICH PLATE WITH 4  EL
4
. , G =  10 p s i  a n d  B e ta  = 3 0 °
DEGREES OF FREEDOM FOR ELEMFNT NUMBER I
Ul U1X U1Y U1XY VI V1X V IY V1XY U2 U2X U2Y U2XY V2 V2X V2Y V2XY W wx WY WXY
NODE?1> L< 0 0 0 1 0 C 0 2 0 0 0 3 0 0 0 4 0 0 0 0
NODE?I * ?< 0 5 c 6 0 7 0 8 0 9 0 10 0 11 0 12 0 0 0 0
N 0 D E ? 2 , 2 < 25 2 6 27 28 29 3 0  31 32 33 34 35  36 37 38 39 4 0 4 1 42 4 3 4 4
N 0 D E ? 2 , 1 < 0 0 45 4 6 0 0 4 7 4 8 0 0 4 9  5 0 0 0 51 52 0 0 0 0
DEGREES OF FREEDOM FOR ELEMENT NUMBER 2
U l U1X U1Y Ul  XY VI V1X V1Y VIXY U2 U2X U2Y U2XY V2 V2X V2Y V2XY w WX WY WXY
NODE?1 « I< 0 5 C 6 0 7 0 8 0 9 0 10 0 11 0 12 0 0 0 0
N 0 0 E ? 1 , 2 < 0 0 0 13 0 0 0 14 0 0 0 15 0 0 0 16 0 0 0 0
N 0 D E ? 2 , 2 < 0 0 17 18 0 0 19 2 0 0 0 21 22 0 0 23 2 4 0 0 0 P
N 0 D E ? 2 , 1 < 25 26 27 28 2 9 3 0  31 32 3 3 3 4 3 5  3 6 3 7 38 39 4 0 41 42 43 44
DEGREES OF FREEDOM FOR ELEMFNT NUMBER 3
U l U1X U 1Y U1XY VI V1X V1Y VIXY U2 U2X U2Y U2XY V2 V2X V2Y V2XY W wx WY WXY
N 0 D E ? 1 , 1 < 25 2 6 27 28 29 3 0 31 32 33 3 4 3 5 36 3 7 38 39 4 0 4 1 42 4 3 44
N 0 0 E ? 1 , 2 < 0 0 17 18 0 0 19 20 0 0 21 22 0 0 23 2 4 0 0 0 0
N 0 0 E ? 2 1 2 < 0 0 0 65 0 0 0 66 0 0 0 6 7 0 0 0 6 8 0 0 0 0
N0DEY2 * 1< 0 5 7 0 58 0 5 9 0 6 0 0 61 0 62 0 6 3 0 6 4 0 0 0 0
DEGREES OF FREEDOM FOR ELEMFNT NUMBER A
U l U1X U 1Y U1XY VI V1X V1Y VIXY U2 U2X U2Y U2XY V 2 V2X V2Y V2XY W WX WY WXY
N 0 D E ? 1 , 1 < 0 0 4 5 4 6 0 0 4 7 4 8 0 0 4 9 5 0 0 0 51 5 2 0 0 0 0
N 0 D E ? 1 , 2 < 25 26 27 28 2 9 30 31 32 3 3 3 4 35 36 3 7 38 39 4 0 4 1 42 43 4 4
N0DE?2 » 2< 0 57 0 58 0 5 9 0 6 0 0 61 0 6 2 0 6 3 0 6 4 0 0 0 0
N 0 D E ? 2 , 1 < 0 0 0 53 0 0 0 5 4 0 0 0 55 0 0 0 56 0 0 n 0
MODULUS OF ELASTICITY FACE 10 0 . 1 0 0 0 E  08
POISSON RATIO FAC E l #  0 . 3 2 0 0
PLATE THICKNESS FAC EI#  0 . 2 5 0 0 E - 0 1
MODULUS OF ELASTICITY FACE2# 0 . 1 0 0 C E  08
POISSON RATIO FACE2# 0 . 3 2 0 0
PLATE THICKNESS FACE2# 0 . 2 5 0 0 E - 0 1
SHEAR MODULUS X7# C . 1 0 0 0 E  05
SHEAR MODULUS YZ# C . 1 0 0 C E  05
CORE THICKNESS# C . 1 0 0 0 E  01
A# 0 . 2 0 0 0 E  0 2  B# 0 . 2 0 0 0 E  02
SKEW ANGLE?DEGREES<# 0 . 3 0 0 0 E  02
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OEGREE OF FREEDOM LOAD DISPLACEMENT
1 0 . 0 0 . 7 9 5 8 2 E - 0 5
2 0 . 0 0 .  1 5 9 1 7 E - 0 4
3 0 . 0 - 0 . 7 9 5 8 3 E - 0 5
4 0 . 0 - 0 . 1 5 9 1 7E—04
5 0 . 0 0 . 9 9 7 6 8 E - 0 4
6 0 . 0 - 0 . 8 2 8 6 4 F - 0 5
7 0 . 0 0 . 3 7 4 2 7 E - 0 4
8 0 . 0 - 0 . 6 3 5 7 4 E - 0 5
9 0 . 0 - 0 . 9 9 7 6 8 E - 0 4
10 0 . 0 0 . 8 2  8 6 3 F - 0 5
11 0 . 0 —0 . 3 7 4 2 7 E - 0 4
12 0 . 0 0 . 6 3 5  7 5 E - 0 5
13 0 . 0 - 0 . 4 0 5 7 1 E - 0 6
14 0 . 0 0 . 2 7 0 4 0 E —06
15 0 . 0 0 . 4 0 5 6 8 E —06
16 0 . 0 — 0 . 2 7  0 4 1 E -0 6
17 0 . 0 - 0 . 2 1 3 1 3 E - 0 4
18 0 . 0 0 . 6 2 4 9 6 E - 0 6
19 0 . 0 0 .  1 1 8 4 8 E - 0 3
20 0 . 0 0 .  11 46 5  F—04
21 0 . 0 0 . 2 1 8 1 3F—04
22 0 . 0 - 0 . 6 2 4 9 9 E -0 6
23 0 . 0 - 0 . 1 1 8 4 R E - 0 3
24 0 . 0 —0 . 1 146 5E —04
25 0 . 0 0 . 5 4 2 9 7 E - 0 9
26 0 . 0 - 0 . 1 1 3 1 6 E - 0 3
27 0 . 0 0 . 3 4 4 5 5 E - 0 4
28 0 . 0 0 . 2 7 3 9 9 E - 1 0
29 0 . 0 0 . 1 8 5 8 1 F - 0 8
30 0 . 0 - 0 . 2 9 4 9 8 E —04
31 0 . 0 - 0 . 1 2 7 9 1 E —03
32 0 . 0 0 . 3 3 3 6 7 E - 1 0
33 0 . 0 0 . 2 5 4 6 6 E - 1 0
34 0 . 0 0 . 1 1 3 1 6 E - 0 3
35 0 . 0 —0 . 3 4 4 5 5 E - 0 4
3 6 0 . 0 0 . 1 2 9 6 0 E - 1 0
37 0 . 0 0 . 5 7 0 2  5 E - 0 9
38 0 . 0 0 . 2 9 4 9 8 E —04
39 0 . 0 0 . 1 2 7 9 1 E - 0 3
40 0 . 0 0 . 1 9 0 9 9 E - 1 0
41 0 . 3 4 6 4 1 E 0 3  0 . 2 2 1 8 0 E - 0 1
42 0 . 0 0 . 7 9 1 2 6 E —09
43 0 . 0 0 . 6 4 8 4 7 E —09
44 0 . 0 0 . 2 1 8 5 4 E - 0 3
45 0 . 0 - 0 . 2 1 8 1 3 E - 0 4
4 6 0 . 0 —0 . 6 2 5 0 2 E —06
47 0 . 0 0 .  U 8 4 8 F - 0 3
48 0 . 0 - 0 . 1 1 4 6 5 E - 0 4
4 9 0 . 0 0 . 2 1 8 1 3 E - 0 4
50 0 . 0 0 . 6 2 5 0 0 E —06
51 0 . 0 —0 . 1 1 84 8E —03
52 0 . 0 0 . 1 1 4 6 5 E - 0 4
53 0 . 0 0 . 4 0 5 6 2 E - 0 6
54 0 . 0 - 0 . 2 7 0 5 9 E —06
55 0 . 0 - 0 . 4 0 5 6 6 E - 0 6
56 0 . 0 0 . 2 7 0 2 7 E - 0 6
57 0 . 0 0 . 9 9 7 7 0 E - 0 4
58 0 . 0 0 . 8 2 8 6 4 E - 0 5
59 0 . 0 0 . 3 7 4 2  8 E - 0 4
60 0 . 0 0 . 6 3 5 7 4 E - 0 5
61 0 . 0 —0 . 9 9 7 6 9 E —0 4
62 0 . 0 —0 . 8 2 8 6 4 E - 0 5
63 0 . 0 - 0 . 3 7 4 2 7 E —0 4
64 0 . 0 —0 . 6 3 5 7 5 E —05
65 0 . 0 - 0 . 7 9 5 8 3 E —05
66 0 . 0 —0 . 1 5 9 1 7 E —04
67 0 . 0 0 . 7 9 5 8 3 F —05
6 8 0 . 0 0 . 1 5 9 1 7 E - 0 4
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DISPLACEMENT RESULTS FOR ELEMENT NUMBER 1 
N O O E *1«1<  N 0 D E S 1 ,2 <  N O D E ?2 ,2 <  N n O E ^ 2 , l <
U l  0 . 0  0 . 0  0 . 5 4 2 9 7 E - 0 9  0 . 0
U1X____________ ( M ) ____________ ___________ 0 . 9 9 7 6 8 E - 0 4 ___________- 0 .  1 1 3 1 6 E - 0 3 ____________ 0 . 0 ______________
U l  Y 0 . 0  0 . 0  0 . 3 4 4 5 5 E - 0 4  - 0 . 2 1 8 1 3 ^ - 0 4
U1XY 0 . 7 9 5 8 2 E —05 - 0 . 8 2 8 6 4 E - 0 5  0 . 2 7 3 9 9 E - 1 0  - 0 . 6 2 5 0 2 F - 0 6
V I  0^0________________________0 . 0 _______________________ 0 .  1 8 5 B 1E-0B  _ 0 . 0
V1X 0 . 0  0 . 3 7 4 2 7 E —0 4  - 0 . 2 9 4 9 8 E - 0 4  0 . 0
V IY  0 . 0  0 . 0  - 0 . 1 2 7 9 1 E—0 3  0 . 1 1 8 4 S F - 0 3
V IX Y  0 . 1 5 9 1 7 E —0 4  - 0 . 6 3 5 7 4 E - 0 5  0 . 3 3 3 6 7 E - 1 0  - 0 . 1 1 4 6 5 F - 0 4
U2 0 . 0  0 . 0  0 . 2 5 4 6 6 E - 1 0  0 . 0
U2X 0 . 0  —0 . 9 9 7 6 8 E —0 4  0 . 1 1 3 1 6 E - 0 3  0 . 0
U2Y 0 . 0  0 . 0  —0 . 3 4 4 5 5 E - 0 4  0 . 2 1 8 1 3 E - 0 4
U2XY —0 . 7 9 5 8 3 E —05 0 . 8 2 8 6 3 E - 0 5  0 . 1 2 9 6 0 E - 1 0  0 . 6 2 5 0 0 F - 0 6
V 2 0 . 0  0 . 0  0 . 5 7 0 2 5 E - 0 9  0 . 0
V2X 0 . 0  —0 . 3 7 4 2 7 E —04 0 . 2 9 4 9 8 E - 0 4  0 . 0
V2Y 0 . 0  0 . 0  0 . 1 2 7 9 1 E —0 3  - 0 . 1 1 8 4 8 F - 0 3
V2XY —0 . 1 5 9 1 7 E —04 0 . 6 3 5 7 5 E - 0 5  0 . 1 9 0 9 9 E - 1 0  0 . 1 1 4 6 5 E - 0 4
W 0 . 0  0 . 0  0 . 2 2 1 8 0 E - 0 1  0 . 0
WX 0 . 0  0 . 0  0 . 7 9 1 2 6 E —0 9  0 . 0
WY 0 . 0  0 . 0  0 . 6 4 8 4 7 E —0 9  0 . 0
WXY_____________0 . 0 _______________________ 0 . 0 ___________________  0 .  21 8 5 4 E —03__________  0 . 0
DISPLACEMENT RESULTS FOR ELEMENT NUMBER 2 
N 0 D E * 1 , 1 <  NODE 7 1 , 2  < N 0 D E * 2 ,2 <  N 0 D E T 2 ,1 <
 JJ_1 __ 0 . 0 ________________________0 . 0 _______________________ 0 . 0 _______________________0 .  5 4 7 9 7 E - 0 9
U1X 0 • 9 9 7 6 8 E —0 4  0 . 0  0 . 0  - 0 . 1 1 3 1 6 E - 0 3
U1Y 0 . 0  0 . 0  —0 . 2 1 8 1 3 E - 0 4  0 . 3 4 4 5 5 E - 0 4
U1XY - 0 . 8 2 8 6 4 E —05 - 0 . 4 0 5 7 1 F - 0 6 ________ ____ 0 . 6 2 4 9 6 E - 0 6  0 . 2 7 3 9 9 E - 1 0
V I  0 . 0  0 . 0  0 . 0  0 . 1 8 5 8  I F —0 8
V1X 0 . 3 7 4 2 7 E - 0 4  0 . 0  0 . 0  - 0 . 2 9 4 9 8 E - 0 4
V IY  0 . 0  0 . 0  0 . 1 1 8 4 8 E —03 - 0 . 1 2 7 9 1 E - 0 3
V IX Y  —0 . 6 3 5 7 4 E —C5 0 . 2 7 0 4 0 E - 0 6  0 . 1 1 4 6 5 F - 0 4  0 . 3 3 3 6 7 F - 1 0
U2 0 . 0  0 . 0  0 . 0  0 . 2 5 4 6 6 E —10
U2X —0 . 9 9 7 6 8 E—0 4  0 . 0  0 . 0  0 . 1 1 3 1 6 F - 0 ?
U2Y 0 . 0  0 . 0  0 . 2 1 8 1 3E—0 4  - 0 . 3 4 4 5 5 E - 0 4
U2XY 0 . 8 2 8 6 3 E —0 5  0 . 4 0 5 6 8 E - 0 6  - 0 . 6 2 4 9 9 E - 0 6  0 . 1 2 9 6 0 E - 1 0
V2 0 . 0  0 . 0  0 . 0  0 . 5 7 0 2 5 E - 0 9
V2X —0 . 3 7 4 2 7 E—0 4  0 . 0  0 . 0  0 . 2 9 4 9 8 E - 0 4
V2Y 0 . 0  0 . 0  —0 . 1 1 8 4 8 E —03 0 . 1 2 7 9 1 F - 0 3
V2XY 0 . 6 3 5 7 5 E —0 5 _____  - 0 . 2 7 0 4 1 E - 0 6 ___________- 0 . 1 1 4 6 5 E - 0 4 _________ 0 . 1 9 0 9 9 E - 1 0
W 0 . 0  0 . 0  0 . 0  0 . 2 2 1 8 0 E - 0 1
WX 0 . 0  0 . 0  0 . 0  0 . 7 9 1 2 6 E —0 9
WY_____________ 0 ^ 0 _______________________ 0 ^ 0 _______________________ 0 ^ 0 ______________________ 0 . 6 4 8 4 7 E —0 9
WXY 0 . 0  0 . 0  0 . 0  0 . 2 1 8 5 4 F —03
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d i s p l a c e m e n t  r e s u l t s  f or  e l f m f n t  n u m b e r
_N0DE%1,_1<__
U l  0 . 5 4 2 5 7 E - 0 9
U1X - 0 . 1 1 3 1 6 E - 0 3
U1Y 0 . 3 4 4 5 5 E - C 4
U lX Y  0 . 2 7 3 9 9 E - 1 0
NO D E 71,2<  
0.0  
0.0
- 0 . 2 1 8 1 3 E —04  





- 0 . 7 9 5 8 3 E - 0 5
MnnEY?,K
0 . 0
0 . 9 9 7 7 0 F —04  
0 . 0
0 . 8 2 3 6 4 E - 0 5
V I  0 . 1 8 5 8 1 E - C 8  0 . 0  0 . 0  0 . 0
V1X - 0 . 2 9 4 9 8 E - 0 4  0 . 0  0 . 0  0 . 3 7 4 2 8 F - 0 4
V IY  —0 . 1 2 7 9 1 E—03 0 . 1 1 8 4 8 F - 0 3  0 . 0  0 . 0
V IX Y  0 . 3 3 3 6 7 E —10 0 . 1 1 4 6 5 E - 0 4  - 0 . 1 5 9 1 7 E - 0 4  0 . 6 0 S 7 4 E -0 5
U2 0 . 2 5 4 6 6 E —10 0 . 0  0 . 0  0 . 0
U2X 0 . 1 1 3 16E—03 0 . 0  0 . 0  - 0 . 9 9 7 6 9 F - 0 4
U2Y —0 . 3 4 4 5 5 F—C4 0 . 2 1 8 1 3 E - 0 4  0 . 0  0 . 0
U2XY 0 . 1 2 9 6 0 E —1 0   - 0 . 6 2 4 9 9 E - 0 6  0 . 7 9 5 8 3 E - 0 5  - 0 . 8 2 8 6 4 F - 0 5
V2 0 . 5 7 0 2 5 E —09 0 . 0  0 . 0  0 . 0
V2X 0 . 2 9 4 9 8 E —04 0 . 0  0 . 0  - 0 . 3 7 4 2 7 F - O 4
V2Y 0 . 1 2 791E—03______ - 0 . 1 1 8 4 8 E -0 3 ________________O.J)_______  0 . 0
V2XY 0 . 1 9 0 9 9 E - 1 0  - 0 . 1 1 4 6 5 E - 0 4  " d . l 5 9 1 7 E - 0 4 - 0 . 6 3 5 7 5 E - 0 5
W 0 . 22 1 8 0 E —01 0 . 0  0 . 0  0 . 0
WX 0 . 7 9 126E—09 0 . 0     0 . 0  _  0 . 0
WY ' 0 . 6 4 8 4 7 F - C 9  0 . 0  '  0 . 0  0 . 0
WXY 0 . 2 1 8 5 4F —03 0 . 0  0 . 0  0 . 0
DISPLACEMENT RESULTS FDR ELEMENT NIJMREP
N 0 D E ? 1 ,1 <
Ul  0 . 0
U1X 0 . 0
U lY  —0 . 2 1 8 1 3E—04
U1XY —0 . 6 2 5 0 2 F —06
N 0 D E ? 1 ,2 <  
0 . 5 4 2 9 7 F —09  
—0 . 1 1316E —03  
0 . 3 4 4 5  5E—04  
0 . 27 3 9 9 E —10
NODE72 »2<
0 . 0
0 . 9 9 7 7 0 E —04
0.0





0 . 4 0  562 F - 0 6
V I  0 . 0  0 . 1 8 5 8  I E —08 0 . 0  0 . 0
V1X 0 . 0  — 0 . 2 9 4 9 8 E—04 0 . 3 7 4 2 3 E - 0 4  0 . 0
V IY  0 . 1 1 8 4 8 E - C 3  - 0 . 1 2 7 9 1 E - 0 3  0 . 0  0 . 0







0 . 2 1 8 1 3E—04  
0 . 625COE—06
0 . 2 5 4 6 6 E —10 
0 . 1 1  316E —03 
- 0 . 3 4 4 5 5 E—04 
0 . 12 9 6 0 E —10
0 .0
- 0 . 9 9 7 6 9 F - 0 4
0.0




- 0 . 4 0 5 6 6 E - 0 6
V2 0 . 0  0 .5 7 0 2 5 E —09 0 . 0  0 . 0
V2X___________ CUO_________________________0 .  2 9 4 9 8 E —04_________ - 0 . 3 7 4 2 7 E - 0 4 ____________ 0^0____________
V2Y —0 . 1 1848E—03 0 . 1 2 7 9 1 E - 0 3  0 . 0  0 . 0
V2XY 0 . 1 1 4 6 5 E —04 0 . 1 9 0 9 9 E - 1 0  - 0 . 6 3 5 7 5 E - 0 5  0 . 2 7 0 2 7 F - 0 6
w 0 . 0 0 .2 2 1 8 O E - 0 1 0 . 0 0 . 0
wx 0 . 0 0 .7 9 1 2 -6 E -0 9 0 . 0 0 . 0
WY 0 . 0 0 . 6 4 8 4 7 E —09 0 . 0 0 . 0
WXY 0 . 0 0 . 2 1 8 5 4 E —03 0 . 0 0 . 0







b o r n  i n  C a i r o ,  E g y p t ;  D ecem ber  1 3 ,  1941
i n  J u n e ,  1 9 5 7 ,  f i n i s h e d  t h e  s e c o n d a r y  s c h o o l  ( s c i e n c e  a n d  M a t h ­
e m a t i c s )  Fayoum S e c o n d a r y  S c h o o l ,  E g y p t
I n  J u n e ,  1 9 6 2 ,  g r a d u a t e d  w i t h  a B a c h e l o r  o f  S c i e n c e  i n  C i v i l  
E n g i n e e r i n g  ( S t r u c t u r a l  S e c t i o n )  f r o m  t h e  F a c u l t y  o f  E n g i n e e r i n g  
A i n  Shams U n i v e r s i t y ,  E g y p t .  I n  J u l y ,  e m p l o y e d  a s  d e s i g n e r  
s t r u c t u r a l  E n g i n e e r  i n  t h e  M i n i s t r y  o f  H o u s i n g ,  C a i r o ,  E g y p t .
I n  N o v e m b e r ,  1 9 6 3 ,  h e l d  a  p o s i t i o n  a s  D e m o n s t r a t o r  i n  t h e  
S t r u c t u r a l  D e p a r t m e n t ,  F a c u l t y  o f  E n g i n e e r i n g ,  A i n  Shams U n i v e r s i t y .  
I n  t h e  same t i m e  f r om  1963 - 1 9 6 8 ,  j o i n e d  C a i r o  E n g i n e e r i n g  O f f i c e  
( C o n s u l t i n g  E n g i n e e r s )  a s  p a r t  -  t i m e  E n g i n e e r .
I n  S e p t e m b e r ,  1 9 6 8 ,  a w a r d e d  a r e s e a r c h  a n d  t e a c h i n g  a s s i s t a n t s h i p  
f o r  g r a d u a t e  s t u d i e s  a t  t h e  C i v i l  E n g i n e e r i n g  D e p a r t m e n t ,
U n i v e r s i t y  o f  W i n d s o r
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